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Dynamic non-null magnetic reconnection in
three dimensions. I. Particular solutions

BY ANTONIA WILMOT-SMITH*, GUNNAR HORNIG
†

AND ERIC PRIEST

School of Mathematics and Statistics, University of St Andrews,
St Andrews KY16 9SS, UK

A stationary model of three-dimensional magnetic reconnection in the absence of a null
point is presented, with a non-ideal region that is localized in space. Analytical solutions
to the resistive magnetohydrodynamic equations are obtained, with the momentum
equation included so that the model is fully dynamic, and thus extends the previous
kinematic solutions. A splitting of variables allows solutions to be written in terms of a
particular non-ideal solution, on which ideal solutions may be superposed. For the non-
ideal solution alone, it is shown that only the field lines linking the diffusion region are
affected by the reconnection process, and counter-rotating flows above and below the
diffusion region are present. It is only the dimensions of the diffusion region along
the reconnection line that are important for the reconnection rate. Many features of the
previous stationary kinematic model are also observed here.
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1. Introduction

Magnetic reconnection is a fundamental process in a plasma whereby magnetic
energy is rapidly converted into other forms. It is responsible for a wide range of
dynamic processes in astrophysical and space plasmas, such as solar flares and
geomagnetic substorms. Recently, much work on magnetic reconnection has
centred on understanding the three-dimensional problem (for an overview, see
Priest & Forbes 2000). The discovery that, while two-dimensional reconnection
is fairly well understood, many aspects of the full three-dimensional problem are
not present in two-dimensions has provided motivation for this work.

Our understanding of the nature of three-dimensional reconnection has been
advanced both by numerical simulations and analytical work. Recent three-
dimensional numerical experiments (e.g. those by Linton & Antiochos 2005)
have provided important clues to our understanding of the behaviour of such
magnetic fields. Analytical work has mainly focused on the kinematic problem
(i.e. examining the implications of Ohm’s law alone without the effects of the
equation of motion) in a finite region. The localization of the non-ideal term in
the induction equation is an important typical feature of reconnection in
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astrophysical plasmas. In these plasmas, localized regions of intense current
concentration are the main cause of such localization, which may be reinforced
when the resistivity is enhanced by current-driven microinstabilities. ‘Magnetic
annihilation’ (Sonnerup & Priest 1975) and ‘reconnective annihilation’ (Craig &
Henton 1995; Priest et al. 2000), solutions to the magnetohydrodynamic (MHD)
equations, have also been studied by purely analytical means, although these
models have non-localized diffusion regions.

In two dimensions, reconnection can only occur at X-type null points of the
field. In three dimensions, however, reconnection can occur either at a null-point,
or at locations where the field does not vanish (Schindler et al. 1988; Lau & Finn
1990). When null points are present, reconnection can take place by spine, fan or
separator reconnection (Priest & Titov 1996). In the alternative situation where
the field is everywhere non-zero, reconnection can still take place when a
localized non-ideal region and an electric field component parallel to the
magnetic field are present (Hesse & Schindler 1988). It is an example of this non-
null reconnection process that we examine here.

In Priest et al. (2003), some of the striking differences between two- and three-
dimensional reconnection were identified, examining, in particular, magnetic flux
velocities and the rejoining of reconnecting flux tubes. Hornig & Priest (2003) set
up a three-dimensional kinematic problem for the evolution of a non-null field in
a finite diffusion region. The present work builds on their model, by including
also the equation of motion in the analysis so that it is a fully ‘dynamic’ model
rather than a kinematic one. We summarize here some aspects of the setup and
findings of Hornig & Priest (2003), to allow a comparison with our model.

Hornig & Priest (2003) examined a stationary kinematic solution of the
incompressible MHD equations with a localized diffusion region. An X-type
magnetic field in the x–y plane (resulting in a uniform current in the z-direction)
was superimposed on a uniform field in the z-direction. Thus, to obtain a
localized non-ideal region, the resistivity h was assumed to be localized.

In order to satisfy the non-ideal Ohm’s law, a particular electric field and non-
ideal velocity were needed; these simplest solutions were termed ‘pure solutions’.
We shall also use this term to refer to particular solutions. The purely diffusive
velocity field was counter-rotational above and below the x–y plane, and confined
to the hyperbolic flux tube (HFT), threading the diffusion region. The existence
of such a counter-rotating flow was shown to be a consequence of the magnetic
field structure and localization of the non-ideal region, and thus proved to be a
more general property of three-dimensional reconnection. A cartoon illustrating
the counter-rotating flows is shown in figure 1. Such flows have also been found in
numerical experiments (Pontin et al. 2005). It was then observed that
superimposed on this non-ideal flow could be any ideal velocity field and
corresponding electric field, satisfying the equivalent ideal Ohm’s law. Such
solutions were termed ‘composite solutions’. Imposing, for example, an ideal
stagnation point flow allowed for magnetic flux to be transported into the non-
ideal region and subsequently removed after reconnection, with important
consequences for the behaviour of the magnetic flux velocity, and so for the
reconnecting flux surfaces.

This freedom to impose an ideal stagnation flow distinguishes the three-
dimensional from the two-dimensional problem. In the latter, the external flow
determines the reconnection rate and largely governs the solution in the diffusion
Proc. R. Soc. A (2006)
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Figure 1. Cartoon illustrating the counter-rotational flows (thick solid lines) in the pure solution of
Hornig & Priest (2003). The hyperbolic flux tube which encloses the localized non-ideal region
(shaded) is bounded by the thin solid lines.
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region. In the three-dimensional kinematic case, we may impose an arbitrary
ideal solution that is independent of the particular non-ideal solution in the
diffusion region. In these papers, we wish to analyse whether this additional
freedom arises in the kinematic solution through the neglect of the momentum
equation. Thus, we present several elementary solutions of the full set of MHD
equations.

A perturbation expansion of the stationary resistive MHD equations is made.
Analytical solutions are obtained, and a splitting of variables is made in the limit
of slow flow that allows for direct comparison with the ‘pure’ and ‘composite’
solutions of Hornig & Priest (2003). In this paper, the scheme is introduced and
particular non-ideal solutions, termed ‘pure’ solutions, are examined. The paper
is organized as follows. In §2, we introduce the model. In §3, we obtain two
different pure solutions and discuss their implications, before concluding in §4.
2. Introducing the model

We take the stationary incompressible resistive MHD equations and non-
dimensionalize by setting

BZBeB
0; v Z vev

0; E Z veBeE
0; j Z

Be

mLe

j 0; pZ
B2
e

m
p0; r ZLer

0;

where all the dashed quantities are of order 1, and Be; Le and ve are the typical
magnetic field strength, length-scale and plasma velocity. Thus, Ohm’s law
Proc. R. Soc. A (2006)
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becomes

E 0Cv 0!B 0 Z
vAe

ve
ĥj 0; ð2:1Þ

where vAe
is the typical Alfvén speed of the plasma, and

ĥZ
h

mLevAe

;

is the inverse Lundquist number.
The equation of motion is

M 2
e ðv 0$V0Þv 0 ZKV0p0 C j 0!B 0; ð2:2Þ

where MeZve=vAe
is the Alfvén Mach number. For simplicity, we choose to

neglect here the effects that viscosity and any external forces (such as gravity)
might have on the solutions. The remaining MHD equations are given by

V0!B 0 Z j 0;

V0!E 0 Z 0;

V0$B 0 Z 0;

V$v 0 Z 0:

9>>>>>=
>>>>>;

ð2:3Þ

We assume Me/1, so that the inertial term is small, and look for a three-
dimensional solution to these equations by expanding the variables in powers of
the Alfvén Mach number Me of the flow as follows:

B 0 ZB0CMeB1CM 2
eB2 CM 3

eB3 C/;

v 0 Z v1 CMev2 CM 2
e v3C/;

j 0 ZMej1 CM 2
e j2CM 3

e j3C/;

E 0 ZE0CMeE1CM 2
eE2C/

ZKV0f0KMeV
0f1KM 2

eV
0f2C/;

p0 Z p0 CMep1 CM 2
e p2 C/ :

where all the quantities Bi; vi; ji;Ei;fi; pi are dimensionless.
This expansion assumes that the flow v is much smaller than the Alfvén speed,

since v
ffiffiffiffiffiffi
mr

p
=BZMev

0=B 0, where v 0 and B 0 are of order unity, so we have labelled
the first term in the expansion of v 0 with the index 1. We have also taken j0Z0,
so that the lowest-order magnetic field is potential, an assumption that is crucial
in allowing us to find analytical solutions to the equations.

Substituting these expansions into both Ohm’s law and the equation of motion
and comparing powers of Me, we find that at zeroth order the equation of motion
is satisfied with p0 a constant, while Ohm’s law is given by

E0 Cv1!B0 Z ĥj1: ð2:4Þ
At first order, we obtain

E1 Cv1!B1Cv2!B0 Z ĥj2; ð2:5Þ

0ZKV0p1 C j1!B0: ð2:6Þ
Proc. R. Soc. A (2006)
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Figure 2. Illustration of some particular field lines indicating the structure of the magnetic field B0.
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At second order, the equations become

E2Cv1!B2Cv2!B1 Cv3!B0 Z ĥj3; ð2:7Þ

ðv1$V
0Þv1 ZKV0p2C j2!B0C j1!B1; ð2:8Þ

while at third order, we have

E3Cv1!B3Cv2!B2Cv3!B1 Cv4!B0 Z ĥj4; ð2:9Þ

ðv2$V
0Þv1 Cðv1$V0Þv2 ZKV0p3 C j3!B0 C j2!B1 C j1!B2: ð2:10Þ

It is clear that a natural coupling exists not between the same ordered
equations for Ohm’s law and the equation of motion, but rather between Ohm’s
law at a given order, and the equation of motion at the next order. Thus, to solve
the system we will have to consider, for example, equations (2.4) and (2.6)
together, and (2.5) and (2.8) together.

We set

B0 Z b0ðky; kx; 1Þ; ð2:11Þ

where kO0. Thus, our basic state is an X-type current-free equilibrium in the
x–y plane, superimposed on a uniform field in the z-direction. The field
structure is illustrated in figure 2. The field is assumed to be reconnecting
slowly ðv/vAÞ, and is similar to that taken by Hornig & Priest (2003),
although the separatrices were not inclined at right-angles, so allowing for a
current. Previously, this field has been considered in the context of reconnection
by Priest & Forbes (1989), and was termed a ‘hyperbolic flux tube’ (HFT) by
Titov et al. (2002).
Proc. R. Soc. A (2006)
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The equations, Xðx0; sÞ, of the field line passing through the point x0 are
given by

X Z x0 coshðb0ksÞCy0 sinhðb0ksÞ;
Y Z y0 coshðb0ksÞCx0 sinhðb0ksÞ;
Z Z b0sCz0;

9>=
>; ð2:12Þ

with the inverse mapping X0ðx0; sÞ, given by

X0 Z x coshðb0ksÞKy sinhðb0ksÞ;
Y0 Z y coshðb0ksÞKx sinhðb0ksÞ;
Z0 ZKb0sCz:

9>=
>; ð2:13Þ

As a further simplification we take B1Z0, so that any zeroth-order flow is
ideal. This assumption is not necessary if we are to obtain a complete solution to
the system, but rather permits us to obtain ideal and non-ideal parts to Ohm’s
law in the zeroth- and first-order equations, respectively, with a corresponding
equation of motion for both solutions (at first- and second-order, respectively).
Thus, the construction of this model allows for a direct comparison of our
solutions with the kinematic ones of Hornig & Priest (2003), where a similar
decomposition resulted in pure solutions, satisfying the non-ideal Ohm’s law, and
composite solutions, in which an ideal solution was superposed on this basic
state. We have here in addition an equation of motion for both the pure and
composite solutions, and so can consider also how this affects the results.

Throughout this paper we consider the implications of the first-order solution
alone, by assuming v1Z0, and so satisfying Ohm’s law at zeroth-order trivially.
This is the equivalent of the pure solutions in Hornig & Priest (2003). Here it is
at fourth order that the inertial term first appears, and thus the dynamic effects
in this pure solution are primarily the Lorentz force and the pressure gradients.
The implications of two different non-ideal terms, ĥj2, are considered in §3, with
particular reference to the resulting plasma flows and rate of reconnected flux.
3. Pure reconnection solutions

In this section, we examine the pure solutions obtained by setting v1h0. Ohm’s
law at zeroth order becomes E0Z0, while the equation of motion is satisfied at
zeroth and first order with p0 and p1 constants. Thus, for this pure solution it is
first necessary to consider equations (2.5) and (2.8) together. With the
assumptions taken thus far, these are now

E1 Cv2!B0 Z ĥj2; ð3:1Þ
0ZKV0p2 C j2!B0: ð3:2Þ

Localization of the non-ideal term ĥj2 can be achieved through a localization in
three dimensions of either ĥ, or of j2, or, in the physically most realistic
situation, through a localization of both terms. The important quantity in
determining the main results presented here is f1, which is dependent only on
the localization of the product ĥj2s, and not on how the localization is realized.
As a simplification and in order to allow for analytical solutions, we here choose
to prescribe a localization of the resistivity ĥ. This assumption was also taken by
Proc. R. Soc. A (2006)
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Hornig & Priest (2003), where a hyperbolic field similar to that given by (2.11)
resulted in a uniform current in the ẑ-direction. By taking the curl of (3.2), we
obtain

ðB0$VÞj2Kðj2$VÞB0 Z 0;

which, assuming j2Z j2ðx; yÞẑ, gives ðB0$VÞj2Z0, i.e. j2 as constant along field
lines of B0:

j2 Z f ðx2Ky2Þẑ: ð3:3Þ
There are a number of ways to choose f ðx2Ky2Þ, two of which we examine here.
In §3a, we take f to be uniform, as was the case in Hornig & Priest (2003). In §3b,
we instead assume a form such that the current j2 is localized along separatrices
of B0, which is motivated by the numerical experiments of Pontin et al. (2005),
where such a current was observed.

(a ) Uniform current

The simplest choice of f ðx2Ky2Þ is to take

j2 Z j20ẑ;

where j20 is constant. Such a current can be obtained by taking, for example, the
magnetic field

B2 ZKmj20yx̂;

which can be expressed as

B2 ZV!A2ẑ;

where

A2 ZKmj20y
2=2:

This is a particular solution for B2. Other particular solutions exist, to each of
which we are free to add any potential vector field Bpot

2 ZVJ2. With this
perturbation, the field B0CM 2

eB2 retains its X-type structure in the x–y plane,
but now has separatrices inclined at a different angle. The sign of j20 determines
whether the greater angle between separatrices is across the x-axis (for j20O0) or
the y-axis (for j20!0). In this section, we assume, without loss of generality, that
j20!0.

Now (3.2) allows us to deduce p2 as

p2 Z p20C
kj20b0
2

ðy2Kx2Þ;
where p20 is constant.

Considering next Ohm’s law, (3.1), we seek a solution such that the non-ideal
term ĥj2 is localized. Since the current j2 is uniform, we must localize the
resistivity, ĥ. To achieve this, together with an analytic form for the remaining
terms, we prescribe a localized form for E1$B0, then taking the scalar product of
(3.1) with B0 determine ĥ as

ĥZ
E1$B0

j2$B0

:

One suitable form is to impose

E1$B0 Z e10b0 exp K
b20s

2

L2
K

x20 Cy20
l2

� �
; ð3:4Þ
Proc. R. Soc. A (2006)
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Figure 3. The surface ĥZ0:02ĥmax; containing the non-ideal region D, with the parameters lZ0:1,
LZ1, j20ZK1, e10ZK1, kZ0:5.
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where l;LO0. This expression is a function of the coordinates of the field lines,
x0, y0 and s, but, setting Z0Z0, we may use the inverse field line mappings (2.13)
to find an equivalent expression in terms of x, y and z. Thus, we obtain the
function ĥ as

ĥZ
e10
j20

exp K
z2

L2

� �
exp

2xy sinhð2kzÞKðx2 Cy2Þcoshð2kzÞ
l2

� �
: ð3:5Þ

Provided e10 and j20 have the same sign, this is a positive function. The
parameter L gives the length of the diffusion region in the ẑ-direction, while l
represents the width of the diffusion region in the zZ0 plane. The hyperbolic
nature of the field may render it necessary to decrease l with increasing L to
ensure that the diffusion region remains localized. An example of such a diffusion
region is shown in figure 3, where the surface ĥZ0:02ĥmax is shown. The
maximum value of ĥ occurs at the origin, where ĥZe10=j20.

It remains to find E1 and v2. We have E1ZKVf1, so, now that ĥ is given, we
may integrate along the field lines to deduce f1:

f1 ZK

ð
ĥj2$B0 ds

ZK

ð
ðE1$B0Þds:

ð3:6Þ

Taking the gradient of this expression gives an analytical form for E1. Writing

QZ
e10

ffiffiffi
p

p
L

l
erf

z

L

� �
;

Proc. R. Soc. A (2006)
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and

gZK
ðx2 Cy2Þcoshð2kzÞK2xy sinhð2kzÞ

l2
;

we find

E1 ZQ eg
ðx coshð2kzÞCy sinhð2kzÞÞ

l
x̂CQ eg

ðx sinhð2kzÞKy coshð2kzÞÞ
l

ŷ

C Q eg
ð2kxy coshð2kzÞKkðx2 Cy2Þsinhð2kzÞÞ

l
Ce10 e

g eKz2=L2

� �
ẑ:

The vector product of (3.1) with B0 gives the component of v2; perpendicular
to B0; as

v2t Z
ðE1Kĥj2Þ!B0

jB0j2
Z

ðE1KE1sẑ=b0Þ!B0

jB0j2
:

We are free to add a velocity component parallel to B0, and choose to do so in
such a way that the ẑ-component of v2 is zero:

v2 Z v2tK
ðv2tÞzB0

jB0j2
:

This also ensures that the resulting velocity is divergence-free.
Thus, v2 is given by

v2 Z
Q eg

b0

ðx sinhð2kzÞKy coshð2kzÞÞ
l

x̂C
ðx coshð2kzÞKy sinhð2kzÞÞ

l
ŷ

� �
:

ð3:7Þ
Figure 4 illustrates v2 in two particular planes above and below the zZ0 plane.
The flow is counter-rotational above and below the zZ0 plane, where it vanishes.
Non-zero flow is limited to the region within the HFT, which consists of the field
lines passing through the non-ideal region. Near to the origin the velocity field is
almost circular, but becomes distorted by the magnetic field on moving away
Proc. R. Soc. A (2006)
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from the plane zZ0, as shown in figure 4. The pure solutions of Hornig & Priest
(2003) are very similar, themselves being counter-rotational flows within the
HFT, distorted by the magnetic field.

We are left to consider the remaining second-order equation, (2.7), which
becomes

E2 Cv3!B0 Z ĥj3: ð3:8Þ
This may be satisfied by taking E2Z0; v3Z0 and j3Z0. We then may solve
Ohm’s law at all even orders, and the equation of motion at all odd orders, by
taking

vi ZBi Z j i ZEiK1 Z 0; pi Z pi0; for i Z 5; 7; 9;. :

The equation of motion at all subsequent odd orders and Ohm’s law at all
subsequent even orders may also be solved, at least numerically, to determine
completely all higher-order quantities. Here we outline a scheme for Ohm’s law
at third order and the equation of motion at fourth order:

KV0f3 Cv4!B0 Cv2!B2 Z ĥj4; ð3:9Þ
rðv2$V

0Þv2 ZKV0p4C j4!B0C j2!B2: ð3:10Þ
Since the components of both ðv2$VÞv2 and j2!B2 parallel to B0 are known, we
may use (3.10) to calculate p4 by integrating along the field lines, starting from
p4Zp40ðx0; y0Þ in the plane zZ0:

p4ðx0; y0; sÞZK

ð
ððv2$VÞv2Kj2!B2Þ$B0 dsCp4ðx0; y0Þ:

Using the inverse field line mappings, this expression can be rewritten in terms of
x, y and z and Vp4 then deduced. In turn, this allows us to find the perpendicular
component of the current j4:

j4t Z
ðKVp4Kðv2$VÞv2 C j2!B2Þ!B0

jB0j2
:

The freedom to add a component parallel to B0 may then be used to ensure j4 is
divergence-free.

Turning to (3.9), it is left to determine f3 and v4. The equation has essentially
the same structure as (3.10), and so may be solved in the same way by again
integrating along the field lines to find

f3ðx0; y0; sÞZK

ð
ðĥj4Kv2!B2Þ$B0 dsCf3ðx0; y0Þ:

The component of the flow v4 perpendicular to B0 is given by

v4t Z
ðKVf4Khj4Cv2!B2Þ!B0

jB0j2
:

Letting

v4 Z v4tK
v4z

B0z

B0;

ensures v4 is divergence-free, so that the continuity equation is satisfied. Note
that this scheme would be effective even without the assumption B1Z0, which
has been used to allow a direct comparison with the kinematic case.

We now have sufficient information to determine the rate of reconnected
flux, which is given by the integral of the parallel electric field along the
Proc. R. Soc. A (2006)
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reconnection line

dFmag

dt
Z

ð
Es dl:

We identify the z-axis with the reconnection line, and so

dFmag

dt
Z

ðN
KN

ðMee10 e
Kz2=L2

COðM 3
e ÞÞdz Z

ffiffiffi
p

p
Mee10LCOðM 3

e Þ: ð3:11Þ

The parameter l does not appear in this expression, and so we conclude that the
extent of the diffusion region in the x–y plane does not affect the reconnection
rate. This agrees with a similar finding in Hornig & Priest (2003) that the
diameter of their non-ideal region did not affect the reconnection rate.
(b ) Localized current

In this section, we assume an alternative form for the current j2. We examine
its effect on the remaining first- and second-order terms and compare the
solutions with those found in §3a.

We have seen j2 is constant along field lines of B0, i.e. satisfies (3.3). Another
obvious choice for f ðx2Ky2Þ is one which produces an enhanced current at the
origin, which, in turn, requires j2 to be localized along the separatrices of B0.
A suitable example is

j2 Z
j20

cosh2 x2Ky2

l2

� � ẑ: ð3:12Þ

A motivation for this choice is given by the numerical simulation of Pontin et al.
(2005), who observed the evolution of magnetic flux in an isolated diffusion
region within a HFT, and thus have a reconnection process similar in many
respects to the one we are studying. The current concentration was found to grow
throughout the run, and the final profile, as shown in figure 5, has a ‘bow-tie’
structure. The choice of current given by (3.12) results in a similar current
density profile close to the origin.

Substituting (3.12) into (3.2) gives the pressure p2 as

p2 Z p20K
1

2
l2kb0j20 tanh

x2Ky2

l2

� �
: ð3:13Þ

Whereas in the previous example (§3a) the pressure gradient had a stagnation
structure, the localization of the current now gives the pressure gradient that is
localized along the separatrices of B0. It is dependent on the sign of j20, taken to
be negative here, although at this stage the choice is arbitrary. An example of the
resulting pressure p2 is shown in figure 6. The saddle-point pressure profile is a
direct consequence of the hyperbolic nature of the field, since there is no inertial
term in equation (3.2). Such saddle-point profile would persist in the presence of
inertial terms of a magnitude similar to, or less than, the Lorenz force.

Setting B2ZV!A2ẑ, we may find a divergence-free field B2 that produces
the current given by (3.12). We are unable to use the method of infinite space
Green’s functions, since this would require the contribution of the ‘boundary’
terms of A2 at infinity to vanish. Instead, we use the method described in
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Figure 5. Results of a three-dimensional MHD numerical simulation by Pontin et al. (2005).
Background shading indicates the magnitude of the final current density in the central plane, with
vectors indicating the plasma velocity.
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appendix A to solve

V2A2 Z
mj20

cosh2 x2Ky2

l2

� � ;

in the regionKH=2!x; y!H=2 with A2Z0 on the boundary. We obtain

A2ðx; yÞZ
X
n;m

X
odd

cnm sinðnpðx=HK1=2ÞÞsinðmpðy=HK1=2ÞÞ; ð3:14Þ

where the coefficients cnm are given by

cnm Z
K4mj20

ðn2 Cm2Þp2

ðH=2

KH=2

ðH=2

KH=2

sinðnpðx=HK1=2ÞÞsinðmpðy=HK1=2ÞÞ
cosh2 x2Ky2

l2

� � dx dy:

The change of variables uZx=l, vZy=l, xZH=l allows the integrand to be
expressed in a form independent of l, and we obtain the equivalent expression for
the coefficients cnm:

cnm Z
K4j20l

2

ðn2 Cm2Þp2

ðx=2
Kx=2

ðx=2
Kx=2

sinðnpðu=xK1=2ÞÞsinðmpðv=xK1=2ÞÞ
cosh2ðu2Kv2Þ

du dv:

ð3:15Þ
We find that each cnm/0 as n;m/N and that as H/N each cnm tends to a
limiting value. Thus, we use (3.14), with the coefficients (3.15) evaluated
numerically, to find a form for B2.

A2 is a smooth function with the opposite sign from that of j20, with the
maximum of jA2j occurring at xZyZ0. The contours of A2, which are field lines
for B2, are shown in figure 7. Superimposed is an outline of the current j2. The
X-type structure of the field B0 becomes flattened by the perturbation B2;
Proc. R. Soc. A (2006)

http://rspa.royalsocietypublishing.org/


–4 –2 0 2 4x –5

0

5

y

1.6

1.8

2.0

2.2

2.4

Figure 6. The pressure profile p2 for v1Z0, j2Z j20=cosh
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toward the y-axis when j20!0 (which is assumed to be the case here) and toward
the x-axis when j20O0. This is shown in figure 8 where the coefficient M 2

e has
been taken as M 2

e Z0:5 to illustrate the effect.
Following the method used in §3a, we now prescribe a localized form for

E1$B0, and determine ĥ as

ĥZ
E1$B0

j2$B0

;

by taking the scalar product of (3.1) with B0. Here we assume

E1$B0 Z e10b0 exp K
ðy2Kx2Þ2

k4

� �
exp K

b20s
2

l2
K

x20 Cy20
l2

� �
; ð3:16Þ

with l;LO0. This is similar to (3.4), with an extra factor expðKðy2Kx2Þ2=k4Þ to
later ensure ĥ is sufficiently localized. Using the inverse field line mappings (2.13)
to find an equivalent expression in terms of x, y and z, we obtain ĥ as

ĥZ
e10
j20

eKðz2=L2Þexp K
ðy2Kx2Þ2

k4

� �
cosh2

x2Ky2

l2

� �

exp
2xy sinhð2kzÞKðx2 Cy2Þcoshð2kzÞ

l2

� �
;

ð3:17Þ

which is again a positive function, provided e10 and j20 are of the same sign.
Figure 9a shows the diffusion region in this example; it is seen to be very

similar to that of §3a. Although the diffusion region given by (3.5) was circular in
the x–y plane and elliptical for non-zero z-values, as illustrated by the cross-
sections of figure 9b, in this case it is distorted from that shape by the current
now lying along the separatrices of the field in the x–y plane.
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Figure 7. Contours of A2, where B2ZV!A2ẑ and j2Z j20=cosh
2ðx2Ky2Þẑ with the

parameters j20Z1, lZ1, mZ1. Overlayed (darker lines) is the current density contour
1=cosh2ðx2Ky2ÞZ0:1.
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We deduce an analytical form for E1 using (3.6), which, in turn, allows us to
find v2t, the component of v2 parallel to B0. This is given by

v2t Z
ðE1Kĥj2Þ!B0

jB0j2
Z

ðE1KE1sẑ=b0Þ!B0

jB0j2
;

to which we add a velocity component parallel to B0 to set its ẑ-component to
zero and ensure it is divergence-free:

v2 Z v2tK
ðv2tÞzB0

jB0j2
:

Setting

M Z
Q eg

b0
exp K

ðx2Ky2Þ2

k4

� �
;

the resulting flow v2 is given by

v2 ZM
x sinhð2kzÞKy coshð2kzÞ

l
C2ly

x2Ky2

k4

� �
x̂

CM
x coshð2kzÞKy sinhð2kzÞ

l
C2lx

x2Ky2

k4

� �
ŷ: ð3:18Þ

The additional factor expðKðy2Kx2Þ2=k4Þ, introduced in (3.16) (and not present
in (3.4)), has had the effect of narrowing the HFT away from the ẑ-axis. The
factor therefore has the same effect on the counter-rotational flow v2, as clearly
shown in figure 10, although the qualitative structure remains largely the same.
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The rate of reconnected flux can again be determined. The z-axis remains the
reconnection line,

dFmag

dt
Z

ð
Es dlZ

ðN
KN

ðMee10 e
Kz2=L2

COðM 3
e ÞÞdzZ

ffiffiffi
p

p
Mee10LCOðM 3

e Þ: ð3:19Þ

Note that this equation is precisely the same as that of the previous example,
given by (3.11). The shape of the diffusion region in the x–y plane, which is
different in both our examples, in turn, affects the shape of the HFT and therefore
the structure of the plasma velocity v2. However, in the above expression these
dimensions are unimportant, since it is the length of the diffusion region along the
ẑ-axis which is key in determining the reconnection rate. In principal, any
decaying function could have been used to determine this length.

The model used does not allow for a simple scaling of the reconnection rate
with respect to the resistivity or Lundquist number, and so we cannot yet
determine the maximum rate of reconnection. This is a consequence of three-
dimensional reconnection being more complex and having a greater variety of
solutions than the two-dimensional case. Consider the values of the variables at a
height zZLe above the non-ideal region. There the ratio ðve=vAe

Þ of the plasma
velocity to the Alfvén velocity is given by

ve
vAe

Z

ffiffiffi
p

p
ffiffiffi
2

p
Reme

Le

l

L

l
g; ð3:20Þ

where Reme
is the global magnetic Reynolds number, Reme

ZLevAe
=h and gZ

expðkLeK1=2Þ is a factor relating to the geometry of the magnetic field. The
ordering of parameters LeOLO l has been assumed. The parameters l and L,
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Figure 9. (a) The surface ĥZ0:02ĥmax, containing the non-ideal region D given by (3.17) and (b)
cross-sections in the zZ0 plane of the non-ideal regions D given by (3.5) (outer circle) and (3.17)
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which relate to the structure of the non-ideal region, and g, which relates to the
field geometry, would not in a general three-dimensional reconnection event be
arbitrary, but rather determined by the evolution of the magnetic field before the
onset of a stationary phase. Therefore, we warn that the expression (3.20) should
be interpreted with particular care. Although at first sight it appears to scale as
ReK1

me
, each of the other factors on the right-hand side of (3.20) can be much larger

than unity and also depend on Reme
ðlZ lðReme

Þ;LZLðReme
Þ; gZgðLe;Reme

ÞÞ.
Determining how ve=vAe

scales with Reme
and so whether or not the reconnection

is fast is therefore outside the scope of our simple stationary model.
4. Conclusion

We have examined a perturbation expansion of the three-dimensional stationary
MHD equations. The basic state of an X-type equilibrium magnetic field has been
assumed, and localized non-ideal region has been obtained by a localization of the
resistivity h.

Using this decomposition we obtained an ideal and non-ideal Ohm’s law in the
zeroth- and first-order Ohm’s law, respectively, together with accompanying
equations of motion. Assuming the trivial solution for the zeroth-order terms
(excluding the magnetic field), we were able to examine separately the non-ideal
solution alone. This directly corresponds to the pure solutions examined by
Hornig & Priest (2003). The kinematic model of this analysis has here been
generalized by setting up a model that also satisfies the momentum equation in
our approximation scheme.
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Two different magnetic fields have been considered, corresponding to a
uniform current and to a current localized along the separatrices of the basic
magnetic field. In the pure solutions obtained here, counter-rotating flows
above and below the non-ideal region are observed that are limited to within
the HFT, which threads the diffusion region. The same reconnection rate is
observed in both examples, since the parallel electric field has been shown to
be to some extent independent from the choice of current. Further, the
dimensions of the diffusion region have been shown to be important only along
the reconnection line (which is identified with the z-axis), with its extent and
structure in the x–y plane being unimportant.

The structure of the plasma flow in the pure solution means that the
reconnection is limited to effect the field lines within the HFT only. The
inclusion of non-trivial solutions to the zeroth-order equations equates to
the case of ‘composite solutions’ in Hornig & Priest (2003). We have some
freedom to impose an ideal flow (e.g. a stagnation-point flow) on the solutions
found in this paper. Such a flow could bring field lines into the diffusion
region, and so change field line connectivity further away from this region.
A certain degree of coupling between the ideal and non-ideal solutions will be
required by the equation of motion, although this coupling may be weak.
These questions will be addressed in future, where some various flows v1 will
be included in the analysis.

This system has been solved explicitly up to third order and a scheme
outlined to allow a solution at all higher orders. Each new order includes
enough free parameters to make the magnitude of the new contributions ðvi;
BiÞ essentially free, and independent of the lower-order solutions. We are
hopeful, therefore, that solutions may converge (provided Me/1), and
therefore that the solutions found are indeed good approximations to the full
exact solutions.

The authors would like to thank Piet Martens, Dick Canfield, Dana Longcope and Dibyendu
Nandy for their support, and are grateful to the UK PPARC for funding.
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Appendix A. Solutions to Poisson’s equation by means of eigenfunction
expansions

We examine solutions to Poisson’s equation

V2AZ f ðx; yÞ; ðA 1Þ
in the square 0!x; y!H with A vanishing on the boundary by considering the
related two-dimensional eigenfunctions

V2jZKzj;

with jZ0 on the boundary. For a square, the eigenfunctions are sine series in
both y and x:

jnm Z sin
npx

H

� �
sin

mpy

H

� �
;

znm Z
np

H

� �2
C

mp

H

� �2
:

Expanding the solution in terms of these eigenfunctions, it can be written as

A2 Z
XN
nZ1

XN
mZ1

cnm sin
npx

H

� �
sin

mpy

H

� �
;

where cnm are constants. Substituting this solution into (A 1) and noting
V2jZKznmjnm, we obtainXN

nZ1

XN
mZ1

Kcnm sin
npx

H

� �
sin

mpy

H

� �
Z f ðx; yÞ:

Now, using the orthogonal properties of the eigenfunctions, and observing that
they satisfy the same boundary conditions as the solution, we have

Kznmcnm

ðH
0

ðH
0
sin

npx

H

� �2
sin

mpy

H

� �2
dx dy

Z

ðH
0

ðH
0
f ðx; yÞsin npx

H

� �
sin

mpy

H

� �
dx dy;

which determines the coefficients cnm.
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