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The local configurations of three-dimensional magnetic neutral points are investigated by a linear
analysis about the null. It is found that the number of free parameters determining the arrangement
of field lines is four. The configurations are first classified as either potential or non-potential. Then
the non-potential cases are subdivided into three cases depending on whether the component of
current parallel to the spine is less than, equal to or greater than a threshold current; therefore there
are three types of linear non-potential null configurati@sadial null, a critical spiral and a spijal

The effect of the four free parameters on the system is examined and it is found that only one
parameter categorizes the potential configurations, whilst two parameters are required if current is
parallel to the spine. However, all four parameters are needed if there is current both parallel and
perpendicular to the spine axis. The magnitude of the current parallel to the spine determines
whether the null has spiral, critical spiral or radial field lines whilst the current perpendicular to the
spine affects the inclination of the fan plane to the spine. A simple method is given to determine the
basic structure of a null giveM the matrix which describes the local linear structure about a null
point. © 1996 American Institute of Physids§1070-6634X96)03803-4

I. INTRODUCTION Il. REVIEW OF TWO-DIMENSIONAL NEUTRAL
POINTS
Magnetic reconnection plays a central role in many phe-

nomena that occur in plasmas. For example, in space, in the In two dimensions the matrik is simply
formation of X-ray bright points and solar flares on the Sun
and in the interaction between the Earth’s magnetosphere
and the solar wind and, in the laboratory, in spheromaks.
Over the last 20 years many aspects of two-dimensional re-

; . . . . Where a;; are real constants. The solenoidal constraint
connection have been extensively studied. In two dlmenS|on§ . T ) .
-B=0 givesa;;= —ay,: thus the trace oM is zero. The

the magnetic field vanishes at a neutral point which may b%iagonal entries in the matrix are associated with the poten-

either the *X typg or “O" type. In three d|men5|on§ Refs. 1 tial part of the field so we led;;=p, and since the current
and 2 have considered some aspects of magnetic reconnec-_ " . . Lob
. X . . . . associated with the neutral point is
tion at three-dimensional neutral points. We, in this paper,
study such neutral points in detail by considering the local 1
magnetic configurations that can occur around them. J=-—(0,0,a21~a12),

To find the local magnetic structure about a neutral point
we must consider the magnetic field in the neighbourhood ofve define
a point where the field vanishéB=0). If, without loss of 1 1
ggngrahty, we takgl the neutral point to be sﬂuqteq at the alZZE(q_jz) and aZl:§(q+jz)-
origin and, in addition, assume that the magnetic field ap-
proaches zero linearly, the magnetic fi/ddnear a neutral
point may be expressed to lowest order as

a1 ap

ay; ap

Clearly, for a current-free neutral poiay,=a,,=q/2, and
the parametenq is therefore also associated with the potential
field whilst j, is the magnitude of the current perpendicular
B=M-r, (1) to the plane of the null point. The matr may now finally
be written as
whereM is a matrix with element$/;; = JB;/dx; andr is

the position vectorX,y,z)". In this paper we systematically p E(q—jz)
study the matrixM, first in two dimensiongSec. I) as a M= 2
preliminary to the three-dimensional work of Sec. Ill where 1 )

the matrix M is reduced to its simplest three-dimensional §(q+lz) -P

form and the theory used in calculating the magnetic con-

figurations is discussed. In Secs. IV and V we discuss th&Ve will find it useful to define a threshold current,
potential and non-potential configurations, respectively. Fi- —

nally in Sec. VI this work is concluded. Jthresh= VAP + 07,

@

which only depends on the parameters associated with the

dElectronic mail: clare@dcs.st-and.ac.uk potential part of the field, becaugg, esi= v —4c, where
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2D Nulls

B=M-r,r= (2,97 F=(0,0,5) /o

1J|=0 13| >0

Potential Null Non-Potential Nuils

M symmetric X
two real eigen’values M asymmetric, §IL.B

X-type neutral point,
SILLA

[7:] < Jehresh [dz] = Jthresn [7:] > Jihresh

}Pf't'yfe Neutral Anti-parallel Lines g-FyEe Neutral
om repeated eigenvalues om

real eigenvalues N complex conjugate
§IL.B.1 ’ (both zero), §IL.B.2 eigenvalues, §I1.B.3

FIG. 1. A categorization of the different types of two-dimensional null and
the respective limits ofj, (the z-component of curreptand j, esh (the
threshold currentat which they occur.

2

-4
2 X4 (g 2 0 2 X4
A2+c=|\l1—5 =0 andS is the symmetric part oM. We
now calculate the flux functioA, which satisfies
FIG. 2. Two-dimensional magnetic field plots of neutral points in the

B :% and Bv=— % xy-plane showing(a) a potential X-point {,=0), (b) a non-potential
XToY YT X’ X-point (|j,]<jnresr), () anti-parallel field lines[(,|= jiresn) and(d) an
elliptical null (|j > jinresn -
so that
1 Fyv2 C w2
A=7[(a=1)Y = (a+])X7]+ pXY. 3 _
)\_+Jthresh.
If we rotate the XY-axes through an angl® to give T 2

Xy-axes using the relations _
therefore we have two real non-zero eigenvalues, and conse-

X=X cos#—y sin 6, quently Eq.(5) becomes

Y=x sin #+y cos 6, ) .
_ Jthresh 2 2

and substituté4) into (3) with A== (y"=x9).

tan 20= _ZB, The field lines are therefore rectangular hyperbola and the

separatrices intersect at an anglema®. This is a potential
With jihresh @s in(2), thenA becomes X-type neutral pointas shown in Fig. @), and is the only
1 possible configuration for a current-free two-dimensional
A= Z((jthresh_jz)yz_ (jthresh+ J Z)XZ)' (5) neutral point.

We thus see that in two dimensions the two parameters

Jthresh@ndj, govern the magnetic configuration. B. Non-potential two-dimensional neutral points

The eigenvalues of the matrM are given b . . . . .
9 9 y Two-dimensional neutral points with current are classi-

1 - - fied with respect to the magnitudes jgfandj .
A= 5\T e 15 ©) P Iniuces RianGlresn

hence, depending on whether the currgris greater or less 7 |; |<;
. . . N z<[thresh
than the threshold valugy,.sy the eigenvalues will be real o ) )
or imaginary and the field will have a different structure. When il <ithresh .the. elgenvalues are real, equal in
In the following sections a general two-dimensional null Magnitude, but opposite in sigiletM <0). From the flux
is studied first depending on whether it is potentigec. fungtlon we see that the field lines are hyperbolae with sepa-
Il A) or not (Sec. I B and then whether the current is ratrices that intersect at an angle of

greater or less thap\p,esn (Fig. 1. o o012
t _1( (Jthresh—2) )
A. Potential two-dimensional neutral points iz '
In the case of a current-free two-dimensional null The null point formed is therefore an X-type neutral point as
j,=0, M is symmetric, and the eigenvalues are given by shown in Fig. 2b). As j,—0 the hyperbolae tend to rect-
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two negative’ If we look closely at the local structure near
this null [Fig. 3(b)] we find that there is a set of field lines
extending into the null point and forming a surfatke thin
lines) which we call thefan, following the nomenclature of
Priest and Tito¥. However, only two field lines leave the null
point (the thick lineg and they are called the&pine These are
the two basic components that make up the skeleton of any
neutral point in three dimensions. Tken is a surface made
up of field lines which radiate out, or into the null poiithis
~ is the same as the surface referred to by CowléyGreené
and Lau and FinbB. Thespineis made up of two special field
lines that are directed away from the null if the field lines in
the fan are directed towards the null and vice-vétsase are
R equivalent to they line*>Y. Field lines that lie near the null
point, but do not pass through it, form bundles around the
spine which spread out either side of the fan surface.
Mathematically, the linearised field about a three-
fan dimensional neutral point may be described using (Egin
terms of a X 3 matrix of the form

/
e

==

7

/

oz

7

..
H
7z

~

ann a2 Qi3
. M=| ax az az|, (7)
spine
(b) 2 831 Qg as3

wherea;; are real constants. The constra¥itB=0 implies
that the trace oM must be zero, giving

At aztass= 0.

FIG. 3. (a) A three-dimensional potential configuration showing the global This con(_jmon a_ISO implies _that the elgenvaIUels,_)\z and
magnetic field structure due to four point sourddepicted by asterisks A3 associated with the matrix sum to zero. The eigenvectors

containing two neutral points on the=0-plane.(b) A schematic enlarge- associated with these eigenvalues /e X, and X3.

ment of one of the nulls showing the local structure about a three- |f 3 magnetic field line near the null is written in terms of

dimensional negative neutral point with a féhin lineg and a spindthick " T . .

lines). a position vector =(x,y,z)" which is dependent on an ar-
bitrary parametek then we may write

angular hyperbolae, thus reducing to the potential case. As dr (k) —M-r(k)=B @)

the current increases, the angle between the separatrices in-  dk ’

creases as they close up along yhaxis. using the substitution(k) = Pu(k), whereP is the matrix of

o the eigenvectors d¥1, Eq. (8) becomes
2 |fz|=jthresh

The eigenvalues in this case are eq(d@tM =0), and %:PﬂMPu 9)
so from Eq.(6) they must be equal to zero. The flux function dk '
depends on either jusk® if jiresi=J, OF just y? if
Jthresi= — ]z thus the configuration contains anti-parallel
field lines with a null line along they-axis [Fig. 2(c)] or
X-axis, respectively.

There are now two cases we must consider depending on

whether the matriM can or can not be diagonalized. First,

if M is diagonalizable to a matriA, say, which may have

real or complex elements, then the above equation may be
. simply solved to give

3. |/z|>/Ihresh

If [j,/>imresn the eigenvalues become complex conju- ~ U=A exA(Ak),
gates(detM>0). When jinresn=0, p=q=0 and the field \yhereA is also a diagonal matrix with entrie%,B and C
configuration has circular field lines centered around the ofiyhich are constant along a field line, and implies
gin, whereas ifihesn 7 O then the field contains concentric
ellipses[Fig. 2(d)]. r(k)=Ae t*x; + Bel2x,+ Cers¥xg. (10)

Thus, each field line may be written in terms of the eigen-
values and eigenvectors of the mathik
We initially consider the situation where all the eigen-
Figure 3a) shows a three-dimensional neutral pointvalues are real. Since they sum to zero there is always one
formed by a field due to four point sources, two positive andeigenvalue of opposite sign to the other two, say for example

Ill. THEORY OF THREE-DIMENSIONAL NEUTRAL
POINTS
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TABLE I. Relation between the character of the eigenvalues and the associated vectors spanning the spine axis and fan plane.

Eigenvalues Associated vectors
Three real and distinct The associated eigenvectors<g,Xs).
Two repeated, one distinct The three eigenvectors if they exist, or the vectors X5 ,x3) which
satisfy Mx;=AX;, Mx3 =Ax5 +X; andMx3= —2\X3.
Two complex conjugate, one real If the eigenvectors arex;, X, and x3 then the vectors are

X1 = (X +X)12, X5=—i(X,—X5)/2, andXs.

N1,A>>0 ,A3<0. If we trace a field line backwards away The equation for the field lines may then be written using the
from the neutral point, that is lé&— — in Eq.(10), we find  substitutionr (k) =Pu(k), where this timeP=(x;,X5 ,X3)

. N
F(K)— C ek, andx,, X5 andxs satisfy

_ * __ * —
so all the field lines that head in towards the null are parallel MX1=AX;, MX3=X1+AX;, Mxz=—2AXs (12)
to the single eigenvectot;. However, if we trace forward gych that
along field lines away from the null, thda—~ and

du
r(k)—Ae¥x, + Be2¥x,.

dk
This implies that the field lines that are directed away from. . ' L

: : . The equation for a field line is therefore
the null lie parallel to the plane defined by the eigenvectors
x, andx,. If we compare this with our geometrical under-  r(k)=(A+Bk)ex; + Be*¥x} + Ce 2Mx,, (13
standing of a three-dimensional null then we find that the i i ,
eigenvectoix, with negative eigenvaluk defines the path whereA,B andC are all copstant along a field Ime;. Hepce, if
of the spine, whilst the plane of the fan is defined by the'V® assum&>(_) then running forwards along a field line so
eigenvectors; andx.. thatk—ce we find

In the situation where we have two complex and one real (k) — (A+Bk)e*¥x, + BeMkxs;

eigenvalue, say*+iv and — 27, with corresponding eigen-
vectors x; = (X, +ix5)/2, X,=(x;—ix3)/2 and x5, respec- thus the field lines lie in planes parallelxg andx; whereas
tively, then if we trace backwards along a field line thkr> —o and

r(k)—Ce 2Mxg,

=J,u.

r(k):3(A+iB)e<’7+‘V>k(x1+ix;)+ E(A—iB) o
2 2 so that the field lines become parallel to the veotpr We
therefore find that the spine is defined by the eigenvector
relating to the single eigenvalue whereas the fan plane is
whereA, B andC are constant along a field line. This may defined by the remaining eigenvector and the Jordan basis
be rewritten as vector which are related to the repeated eigenvalue.
, . , In general, therefore, the spine lies along the eigenvector
r(k)=e”Reod Ok + vk)x; e Rsin(Ok-+ vk)x; of M that relates to the single eigenvalue whose sign is op-
+Ce 27Ky, (12) posite to that of the real parts of the remaining eigenvalues.

These remaining eigenvalues have vectors associated with

whereA andB have been rewritten in terms of the constantsinem which define the fan plane and which depend on the
Rand®. So, if for example, we take>0, then ask— a1 re of the eigenvalues, as shown in Table |.

this equation reduces to It may easily be proved that if the real parts of two of the

r(k)—Re7™cog Ok+ vk)x; — Re7sin( @k + vk)x,. three eigenvalues are positive, &y, A ,>0, then the neutral
) ) point will have field lines in the fan directed away from the
Thus the fan plane is defined by the vectg{sandx; and  ny|| and a spine pointing into the null alomg. This type of
field lines in this plane will be spirals. The spine lies in the ny| is called apositive neutral point The determinant of the
direction of the eigenvectofs, since, ak— —, matrix M will always be negative for this type of null. How-
r(k)—Ce 27 . ever, if the real parts of two of the eigenvalues are negative,

) _ ~say\1,A»<<0, then the fan plane will have field lines point-
The second case we must consider is when the mltrix ing into the null with the spine again lying along the eigen-

is not diagonalizable. This occurs when two of the eigenvalyector x,, but this time directed away from the null. Not
ues are repeated and the matrix can only reduce to a Jordayprisingly, this type of neutral point is calledregative

X el K(x{ —ix)) + Ce 27xg,

normal form ) which looks like neutral pointand has determinaM greater than zero.
Al 0 A. Reduction of M to its simplest form
J=|0 A O In order to examine all possible configurations of the
0 0 —2a localised field about the neutral point we redudeto the
762 Phys. Plasmas, Vol. 3, No. 3, March 1996 Parnell et al.
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least number of free parameters. In doing so, it is importantWe see, similar to the two-dimensional case, that it is the
to remember that the matrid determines all the physical relative sizes 0fyesp andj; which determine the nature of
characteristics of the field including its structure, current andhe eigenvalues and consequently the local magnetic con-
associated Lorentz force. Thus, we do not consider the sinfiguration about the null point.

plest mathematical form d¥1 but derive a form for the ma- Note that in situations wherg equals zero the perpen-
trix that gives the simplest topological form for the null with- dicular component of current does not exist; therefore we
out loss of generality. First we note that the field always hasave one further degree of freedom and can rotate the matrix
at least one real eigenvalue whose sign will always be oppaabout the spinez-axis) such that it reduces to the form

site to the real parts of the other two. We therefore choose the

local orthogonal coordinate system such that the eigenvector 1 - Ej | 0
corresponding to this eigenvalue is in thelirection, so that 2

the spine is directed along tlaeaxis. Additionally, the matrix M=|1 :
may be further reduced by rotating tlg-plane so that the 2l p 0

new x-axis lies in the direction of the resultant current in the
xy-plane. Finally, by dividing by a scaling factor the matrix

reduces to thus, throughout this paper in studying configurations where
j. =0 we assumg =0 without loss of generality. Also note
that having taken a scaling factor from our matrix we are
excluding the possibility of all the elements of the trace
(14) equaling zero. This is of course a special situation and in
general does not arise; however, for completeness we do
mention such situations when they arise. Further, it is worth
0 In —(p+1) mentioning that sincg=—1 the eigenvalue relating to the
spine is always negative; hence all the three-dimensional
where p=—1 and g?<jf+4p. The potential part of the configurations we consider in Secs. IV and V of this paper
configuration is defined by the parameterandq with the  are positive neutral points. This means that all the field lines
current given by in the fan planes are emanating outwards and the spines are
composed of pairs of field lines directed towards the origin.
1 . We now briefly mention some of the previous work on
J= ,u_o(h’o’] 0 (15 three-dimensional neutral points. Cowlestudied a current-
free neutral point of the form
wherej is the component of current parallel to the spine and _
jLis tr‘l‘e component of current perpendicular to the spine. B=(ax, By, ~(a+p)2),
Another way of producing the forrtiLl4) is by first splitting ~ wherea and 8 are of the same sign, with eigenvaluesg
the matrix(7) into symmetric §) and asymmetricA) parts. and—(a+ 8). Cowley referred to the case, >0 as Type
Next diagonalizeS so that the axes are along the eigenvec-A, which we call apositive radial null Similarly, the case
tors then rotate about the-axis to make thex-axis along «,8<0 was referred to as Type B and ishagative radial
j. - Finally, rotate about the-axis so that the upper half null point. Fora= g field lines from the neutral point radiate
y—z terms inS andA cancel. Note that the usual reduction with equal spacing from the null; thus we call thigpeper
of an arbitrary matrix to block diagonal forfne., (14) with radial null, whereas forx # g the field lines of the null are
g=j, =0] does not allow all the possible field configura- unevenly spaced and are orientated in one preferential direc-

0 0 —(p+1)

1 .
1 >(a=ip 0

1 . H
E(qﬂ”) p 0

tions. tion, known here as theajor axis of the fanthus the null is
Finally, we shall define a threshold currgi,esp Which  called animproper radial null
depends purely op and gq the potential field parameters Fukao et al® studied more general neutral points than
such that Cowley? They considered a>33 matrix containing six pa-
rameters and found that when all three eigenvalues are real
jthresi= V(P—1)°+0°. (16)  the null point is radial, but one real and two complex conju-

gate give field lines that spiral logarithmically in the fan
Again, similar to the two-dimensional case, plane—this type of null is known as jroper spiral null
jthrest= Vb327+c%/4, whereN3+bx+c=|\I—=0. This  They found that if there is no fan current the spine and fan
implies that the three eigenvalues,(\,,\3) associated are perpendicular. Two-dimensional neutral points were also

with M may be written as found in special circumstances containing either a line of
X-points or O-points, depending on whether the eigenvalues

p+1+4j ghresh_jﬁ are real or imaginary. .
1= > ; In this paper we extend the previous work undertaken on

three-dimensional magnetic neutral point structure by study-
ing comprehensively the most general form for the matfix
which defines the local magnetic field about the null. With
our matrix all linear magnetic field configurations that can

:p+1_ \/jtzhresh_jﬁ
2 L

2 Az=—(p+1). (17
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eigenvector that lies along tteaxis forms the spine of the

3D Nulls ) ) .
B=M-r,r= (0,97, 3= (j.0,jy) /o neutral point, as required. The eigenvectorsx, andxs are
1 0 0
[I=0 [F>0
x;=[ 0], x=[1], x3=[0],
Potential Nulls Non-Potential Nulls
M symmetric oo T 0 0 1
?hreelreal J?igepvalue;s M asymmetric, §V
gV e, thus, as found by Fukaet al.® the fan plane is perpendicular
_ to the spine in a potential situation.
ig] < Jenresn |74 > Faresn _ . . . .
The threshold currenfyesi=|p—1| in this situation.
R d_ftt,ealtl('llizz‘envelues) 4v.a| | Complex Bigenvalues Depending on its value we have three cases to consider.
ree distinct (|7 < Jinresh)» . 1, 1 . . .
o equal (] = ), §VB | |conjogate, V.G First, whenjnesi=0 andp>0 all the eigenvalues are non-
zero, but two are equaSec. IV A). Second, in Sec. IV B we
=0 licl >0 jL=0 il >0 examine the situation where all the eigenvalues are non-zero
and unequal §>0, jimresr>0), and finally we have the

fan plane L spine axis| |fan plane inclined| |fan plane L spine axis| lfan plane inclinal

case where one eigenvalue is zgpe; 0 (Sec. IV Q.

FIG. 4. A categorization of the various types of three-dimensional neutralp, p>0, Jinresh =0
points with respect to the relative sizes jgf (the component of current ) )
parallel to the spine of the nUlaNd j e (the threshold current Assumingp>0 andj;esp=0, the only value that the

parametelp can take igp=1 so that

arise are studied and at most two rotations and a multiplica- 10 0
tion by a scalar are needed simply to transform our set of p=(0 1 0
linear null points into any other. Through our study, which 0 0 -2
follows a similar procedure to that undertaken in studying
the two-dimensional neutral point in Sec. Il, we note thatWe find now that two of the eigenvalues are repeated; how-
there are in fact extra configurations to those previously disever, three eigenvectors may still be found and are the same
covered. For instance, we find that logarithmically spiralingas in the previous case. The field associated with this matrix
nulls are only one special case of the family of spiralingis a positive proper radial null, as depicted in Figa)5Here,
nulls, and, in general, field lines in the fan of a spiral form asince this is the first three-dimensional null illustrated in this
more complex spiraling pattern; these nulls are known apaper, we also draw the field lines in the fan plane
improper spiral nulls Also, we can explain how the current (xy-plang [Fig. 5b)] and the field lines in thexz-plane
of a neutral point determines its structure. Figure 4 illustrategvhich is perpendicular to the surface of the f&ig. 5(c)].
how the three-dimensional null point structures may be di-
vided with respect to the magnitudes of the components o .
current and indicates what types of null are studied in the - p>0. Jinresn>0
following sections. If p>0 andjness>0 then improper radial nulls are

In the next two sections all the three-dimensional figuredormed with the field aligned predominantly in the direction
are illustrated as follows. The spine is plotted as a solid thiclof the eigenvector corresponding to the greatest eigenvalue
line in thez-direction. The fan plane is shown by the squareof the two associated with the fan plane. The field lines rap-
region enclosed by dashed lines with the fan field lines themidly curve such that they run parallel to theaxis if
selves depicted by continuous lines. A bundle of field line0<p<1 and parallel to the/-axis if p>1 [see Figs. &)
around the spine is illustrated by dashed lines and are drawand He), respectively. This is as predicted, for if we con-

only below the fan plane for clarity. sider Eq.(10) for a field line in this particular case, we find
that ask— o,
IV. THREE-DIMENSIONAL POTENTIAL NULLS r(k)HAekxleBekaz.

The matrixM representing the linear field about a po- So if 0<p<1 thenr(km)~Aekxl and the field lines lie in
tential three-dimensional null is symmetric and may be Writ'thexy-plane but are inclined along the major fan axis0O

ten as whereas ifp>1 thenr (k,.) ~Be"*x, and the major fan axis
1 0 0 of the improper null is thex=0 line.

M=|0 p 0

0 0 —(p+1) C.p=0
The eigenvalues relating to this matrix are Whenp=0, the matrixM reduces to
M=1, A=p, Az=—(p+1). 100
By our choice of the matrisM we find we must have=0 M=10 0 0/,
such that the eigenvalue (p+ 1) which corresponds to the 0 0 -1
764 Phys. Plasmas, Vol. 3, No. 3, March 1996 Parnell et al.
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that of the threshold current. This implies that all three ei-
genvalues are real and distinct and all three eigenvectors ex-
ist.

1. j,=0 ande #0

The perpendicular component of current is zero here so
we may assumg=0 and ifp> —jﬁ/4 the eigenvectors are

found to be
:I-_pi \/jtzhresh_jﬁ 0
J
X1,.2= 1 » o X3= 2 :

0

so the fan and spine are perpendicikig. 6(a)]. Substitut-
ing \; andx; into Eqg. (10) we find that ask—c the field
lines in the plane of the fan become parallel to the line,

y= 1-p- Vjtzhresh_jﬁ X
i
The field lines in the fan do not form the same sort of
improper null as found in the potential situation but in-
stead form a skewed improper null since the eigenvectors
X; andx, are not perpendicular. Whem= —jﬁ/4 the field

reduces to a two-dimensional configuratidtig. 6(b)] con-

(c)- 2 0 taining X-points in planes parallel to the plane,
=1 (zz-plane)

j HX_ 2y= 0,
FIG. 5. The magnetic field configurations of three-dimensional potentialand a null line(dot-dashegalong
fields. (@) The complete three-dimensional structure of a radial null 2%
(p=1), showing the field lines ittb) the fan plane Xy-plane and(c) the =
xz-plane. An improper radial null with field lines aligned alod) the Iy

x-axis and(e) the y-axis. (f) Whenp=0 the null point reduces to a two-

dimensional potential X-point field with thgaxis a null line(dot-dashel . .
p P he 2. j, #0andj=0

If the current is purely perpendicular to the spine then

' . . . ] 0 andj;=0, and the ei lues ftt simply b
thus the field lines become two-dimensional potent|alJl 7 0 andj and the eigenvaiues 1A% simply become

X-points lying in planes parallel to thez-plane and form a
null-line along they-axis [Fig. 5(f)]. Note that if a scaling
factor had not been taken from the matrix the only extra

possible field line configuration is the trivial situation of where p=jiresi—1. If pP>jinresh—1 the eigenvectors are

1 .
7\1,2=§(p+ 1% jihresn), MNz=—(p+1),

B=0 given by
_3p2+3+jt2hreshi 2(p+2)jthresh
2) Vifhresti—(P—1)
V. THREE-DIMENSIONAL NON-POTENTIAL NULLS L Vlthresh
. . . . X1,2= 3+3p*]itnresh !

Here the matrixM is asymmetric and has an associated —

currentd=(j,0,jj). The eigenvalues of the matrM are I
1
1 1 - .

M2=5 (P D5 Itesn— if Aa=—(p+1), (19 0
where p?—l, (p+1)2>jt2hresh_jﬁ and jtzhresh 3= 0
= (p—1)%+q?, as previously defined. These constraints are 1

necessary to ensure that the eigenvalyealways corre-

sponds to the eigenvector that defines the spine of the nuIIThe plane of the fan is therefore not perpendicular to the

spine[Fig. 6(c)] and is defined by the equation
A Lil<iresn 21, \Preon= (P— 12X~ 4], (p+2)y-+ (O(p+ 1)?

First, let us consider the situation where the magnitude o
of the component of current parallel to the spine is less than ~JthresnZ=0..
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B = (2 — 3y, 341 + 0y, jiy — (p+1) 2) I(y)= _(pfl)@y, A

I ]” |< jthresh )i in

3. jLsﬁOande#O

When p>—1 and @+1)*>]{ e if and there are
both parallel and perpendicular components of current, the
eigenvalues are as in E(.8) and have corresponding eigen-
vectors,

—3p2+3+jt2hresh_jﬁi2(p+2) \/jtzhresh_jﬁ
ZJJ_(\/J t2hresh_(p_1)2+j”)

X1,0= 3(p+1)= \/jtzhresh_jﬁ '

2j,

1
0
X3: O
1

The fan is therefore tilted towards the spine and lies in the
plane

2j, (Nifhresi— (P— D)2+ Px—4j (p+2)y+(9(p+1)?

_jtzhresh'l'jﬁ)zz 0;

b ~ -~ B ~ -

b B

thus the current perpendicular to the spine does not lie in the
plane of the fan. The field lines lying in the fan plane form a
positive skewed improper nulFig. 6(e)] whose major fan
where ihe magnitide of the current paralel 1 the spine s Iess than e XS 1S N the direction of the vecto since s>, and
th S . Y thus the termAe*t*x;, dominates in the equation for a field
reshold current(a) and (b) j,=0j; # 0 and eitherp>—jj/4 or . . . . .
p=—j#/4, respectively(c) and(d) j, # 0,j;=0 and eithep>jesn—1 oF line in the fan. The f}gld redgces_, to a two-dimensional
P=1resh— 1, respectively(e) and(f) j, # 0, # 0 and eithep>—1or  X-point when @+ 1)2:lthresh_1|\ [Fig. 6(f)]. The plane of
P="ithresn—if — 1, respectively.(b), (d) and (f) all have a line of null  the X-point is

points indicated by a dot-dashed line.
2px—(V4p+jf—jpy=0,

d’;md the null line lies along

(¢) , . (f) ‘ ,
p=025 5 =05 j.=1 p=-025j =17 =-1

Note that, asj, increases, the angle between the fan an
spine reduces so that ultimately, (~ =) the spine lies in the _ A2

fan plane. Also note that the fan does not necessarily tilf(y)= (P+1)( _4p = v p_+l%y
about thex-axis (the direction of the curreptand so the 2, Ju
perpendicular component of current does not in general lie in

the plane of the fan. The field lines in the fan are positiveB. |jj|=/nesn

improper nulls which orientate themselves predominantly
along the line

In the case whergj||=jnresnh We find that two of the
eigenvalues are repeated so that, vath— 1,

—3p2+3+jiesnt 2(p+2)j
|(7):( P Jthresh (p )Jthresh% p+1

2) Viihresn— (P~ 1)? M=~ and Ag=—(p+1).
><3-1—3p""jthresh ol 1. j, #0andj=0
2,

If the component of the current parallel to the spine is
where y is real. This line is associated with the eigenvaluezero (|=jresn=0), then we must havp=1 andq=0
N1 sinceN;>N,. Whenp=jesni— 1 the field reduces to a since we require the-axis to be the spine. The eigenvalues
two-dimensional situation[Fig. 6(d)] where successive are therefore 1, 1;2 and the corresponding eigenvectors
X-points form inxz-planes with a null line along are, respectively,
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. . . * *
B = (z— 31y, 501% + oy, jry — (p+ 1) 2) Mxz =Mz +xq,
| Jl |= Jthresn where\ is the repeated eigenvalue argdis its associated
eigenvectoi(see Sec. I\
If p>—1 (p # 1) and the perpendicular current is zero
we may assumg=0 so the vectors which define the fan
plane and spine of the null point are found to be

1-p 3-p 0
J Jj
X]__ 1 ] ;Z 1 l X3_ 0 3
1
0 0

thus the fan plane is perpendicular to the spine. We find that
the neutral point has a new form. It is neither an improper
null nor, because of the straight lines in the fan, is it a spiral,
and so we call it aritical spiral [Fig. 7(b)].

The eigenvectok; is dominant in Eq(13) ask— for
a field line in the fan; therefore field lines will orientate
themselves towards the line of this vector as they move far-
ther from the null.

If p=—1 then the neutral point merely reduces to a
two-dimensional non-potential null with anti-parallel field
lines such that the=y:z-plane becomes a null plaij€ig.

7(0)].

3. j,#0 and j”?&o

Whenp>—1,j, # 0 and the parallel component of the

(d) () currgnt is non-zero, bu'F still equal to the threshold value, we

p=05, jj=-05 =15 ‘p=-15=2j.=3 again have repeated eigenvalues and have to look for a Jor-
dan basis vector. The vectors are found to be

FIG. 7. Non-potential three-dimensional magnetic field structures for situa-

tions where the magnitude_of the pLJ_rrent para_HeI to the spine_is_equgl to the 3(p+1)( /j ﬁ_ (p— 1)2_ j H)
threshold valugp—1|. (@) j, #0, jj=0 andp=1. (b) and(c) j, =0, j; -
#0 and eithep>—1 orp=—1, respectively(d) and(e) j, #0, j;#0 and 2j,(p—1)
either p>—1 or p=—1, respectively. In(c) the planex=y:z is a null Xq = 3(p+1)
plane and in(e) the z-axis is a null line(shown by dot-dashed lings 1= p_ !
2j,
1
0
1 0 - .
. 3 . (3p?—4p— 1Y (Vif- (p—1)*~j))
X1 = SR BT : 2j.(p—1)°
0 1 1 X5 = 3p+5 ,
2j,

Since the null is non-potential the component of current per-
pendicular to the spine is non-zero. Thus, the fan does not lie 1
in the xy-plane, but is in fact defined by the equation

0

X3: O

jLy—3z=0.

The field lines lying in the plane of the fan extend radially
outwards and form what looks like a radial n{ifig. 7(a)].
As in the previous cases we find that a critical spjifaib.

] ] 7(d)] is created whose major fan axis is in the direction of the
2. j,=0andjj#0 eigenvectorx,, but this time the fan lies in the plane,

Whenp=—1 and|jj|=]jiresh # O We find thatthetwo . , ———3, . . o
repeated eigenvalues Lave only one associated eigenvect%},i( == D)™+ jPx=4j.(p+2)y+9(p+1)°2=0.
so to define the plane of the fan an extra vector must be If p=—1 then all the eigenvalues are zero parabolic
calculated, known as a Jordan basis vector. This is found bifeld lines formed lying in parallek=y+constantz-planes
solving [Fig. 7(e)]; close field lines all have their turning points
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alopg they=p Ilng. The-z-agls becomes a null line with B= (a: _ %j”y, %j”x +py, Ly — (p + 1) z)
anti-parallel field lines lying in thex=y:z-plane. | j |> j
I thresh

C. |jH|>j1hresh ~~~~~

When the parallel component of current is greater in
magnitude than the threshold current two of the eigenvalues
of M will be complex conjugates,

p+1 i ——
Al,zzTiEVJﬁ_ltzhresh Ag=—(p+1).

Obviously the eigenvectors relating to the complex eigenval-
ues will also be complex conjugates; however, we have al-
ready seen in Sec. lll that if the complex vectors are split up
into their real and imaginary parts then these resultant vec-
tors define the plane of the fan.

(d) (zz-plane)
p=-03 5y=—4, jL=0

l.jli=0 andj” #0

Zero perpendicular current gives rise to a spine perpen-
dicular to the fan consistent with the previous cases and has
basis vectors,

1-p \/Jﬁ_jtzhresh

J_ _ 0
j
| e || el 0]
1

X1= 1 | % 0 v X3=
0 0

where it is assumed thgt=0 andp> —1. The field lines in
the fan plane form spirals of the form

C FIG. 8. Magnetic field configurations of three-dimensional non-potential
p= neutral points, where the magnitude of the current parallel to the spine is
\/(p— 1)sin 2¢+ ] greater than the threshold vali@.and(b) j, =0,j; # 0.(c)j, # 0,j; # 0.(d)

j1=0jj # 0 (xz-plang.(e) j, =0,j; # 0 andp=—1.(f) j, # 0,j; # O and

p( (p+1)tan [ (jjtang+p—1)/Vjf—(p— 1)2]) p=—1. In(e) and (f) the null line is indicated by a dot-dashed line.
>< eX 1
Vif—(p—1)?

(19 When p=—1 the field reduces to a two-dimensional
wherep=\x?+y?, ¢=tan 'y/x andC is an arbitrary con- null with a null line along thez-axis and elliptical field lines
stant. Remembering thiif,esr=|p— 1| in this case we find  in successive=constant-planefFig. 8e)]. These elliptical
that no singularities arise as along as the conditiorfield lines would become circular if the matrix had zero en-
ijl>Jtnresn for a spiral holds. These are in general not loga-tries along the trace, i.e., if we had not taken a scaling factor
rithmic spirals[Figs. §a) and &c)] contrary to Refs. 6 and 7. from the matrix.

Logarithmic spirals only occur whep=1 [Fig. 8b)], such
that Eq.(19) reduces to
p:DeXp(Z__d:)’ 2.j, #0andj #0
Ji It is not possible to create a spiral null without a com-
whereD is an arbitrary constant. Note also that the associponent of current parallel to the spine, so we next consider
ated vectors for the null are perpendicular if and only ifj, # 0 andj; # 0. Basis vectors for this situation are found to
p=1. Some of the spirals are so weakly oscillating that theybe
look more like improper null§Fig. 8@)], whereas others are ) 5 o
tightly coiled [Fig. 8(b)]. If we look at Eq.(11) for any —3p "+ 3+ Jinresn J]
general field lingnot necessarily in the plane of the jame 2 (Nizesi— (P— 1)%+j)
can easily see that field lines oscillates in tkie and x; '

. . . . : X1= 3(pt+1) )
directions, and so they spiral around the spine until they —
spread spiraling outwards parallel to the fan plane 2],
[Fig. 8d)]. 1
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TABLE II. Rules determining the three-dimensional structure of a magnetic null withBiel -r. The characteristic equation bf is of third order and can
always be written a& 3+ QX+ R=0. The discriminant is then defined &/27+ R?/4 and the determinant asR.

Discriminant M symmetric ? Determinant Type of null
<0 yes=potential #0,=3-D null Improper radial null
((FR ) (<0 positive,>0 negative (fan L sping
=0,=2-D null Continuous potential X-points

(L to null line)

no=non-potential #0,=3-D null Skewed improper null
(<0 positive,>0 negativg (fan L spine if j, =0)
(fan £ spine if j, #0)
=0,=2-D null Continuous X-points

(L to null line if j, =0)
L to null line if j, #0)

=0 yes=potential #0,=3-D null Proper radial null
(ifhresn—17=0) (<0 positive,>0 negative (fan L spine
no=non-potential #0,=3-D null Critical spiral null
(<0 positive,>0 negative (fan L spine if j, =0)

(fan { spine if j, #0)
Anti-parallel lines with null planej( =0)

=0,=2-D null Planes of parabolae with null ling (+0)
>0 no=non-potential #0,=3-D null Spiral null
(ifhresn—17<0) (<0 positive,>0 negative (fan L spine if j, =0)
(fan £ spine if j, #0)
=0,=2-D null Continuous concentric ellipses

(L to null line if j, =0)
L to null line if j, #0)

(p+ 2)m null, we reduced the 83 matrix M which determines the
. \/ﬁ . field to its simplest form by considering the physical charac-
J(Nlihresh™ (P= 1)) ter of the field as opposed to reducing the matrix from a
Xp= \/jf‘ —jtzhresh , mathematical view point. This enabled extra cases to be dis-
T covered which were overlooked by previous authors who

0 tackled the problem from the mathematical angle.

In the potential situation one paramefedetermines all
0 the possible configurations which are either proper or im-
proper radial nulls and have their spine perpendicular to the

Xs=| 0, fan. It is also possible that for particular valuespothe null
1 may reduce to a two-dimensional configuration containing
with p>—1. So, not surprisingly, the fan is not perpendicu-Successive X-points in parallel planes.
lar to the spindFig. 8(c)], but lies in the plane In a non-potential situation up to four parameters are
needed to define all the possible linear structures of a three-
2j, Nifhresi— (P— 1%+ jpx—4j, (p+2)y dimensional null. It has been found that the relative size of

the current parallel to the spine with respect to the threshold
current determines whether the null has improper radial,
When p=—1 the field reduces to a two-dimensional critical spiral or spiral field lines. The field lines in the fan
null with elliptical field lines in successive planes given by may lie predominantly along one line, known as the major
axis of the fan. This axis is parallel to the vector associated

+(O(p+1)2=jfresnitif)z=0.

; (2 A i \v_Ai 22 _
2J1 (Vlitnresh 4T JX =41y T (]~ Jthresn =0, with the eigenvalue whose real part has the greatest magni-
which are inclined at an angle to the null line along thetude out of the two which have real parts of the same sign.
z-axis [Fig. §(f)]. We find that the component of current perpendicular to the

spine determines the inclination of the fan plane to the spine.

The fan does not necessarily tilt about the line of the perpen-

dicular component of current but in general tilts about a dif-
In this paper we have analyzed the local structure aboukerent line in thexy-plane.

a linear three-dimensional null. The type of field configura-  Obviously the parallel and perpendicular components of

tions are found to depend on four parameters. To compreheigurrent are very important for determining the structure of

sively study the localized field about a three-dimensionathe null, however, to calculate them the eigenvalues and as-

VI. CONCLUSION
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sociated vectors must be found. This, in general, is notal polars in either the magnetic field or the current. These
simple. On the other hand, s, IS €asy to calculate. It is are unphysical since we have assumed our field and current
equal toyb3/27+c?/4 wherex®+b\+c=|\I—S/=0 and are continuous in linearizing about the null.
S is the symmetric part oM. From all this information the
exact structure of the null can be calculated as can the criticdd CKNOWLEDGMENTS
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