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Abstract. Dwarf (or dark) molecular clouds and molecular

clumps have a lifetime which is greater than their dynamical

time and must therefore be, in an average sense, in mechanical

equilibrium. Equilibrium perpendicular to a global magnetic

field is by magnetic forces and it is proposed that along the field

the gas is supported by an Alfvén wave pressure force. A self-

consistent analytical model, utilising a WKB approximation, is

developed for such support. It is found that Alfvén waves are in-

deed a good candidate for this support, generating model cloud

thicknesses consistent with observations. The effect of damping

by the linear process of ion-neutral friction is considered. It is

found that the damping of the waves is not a necessary condi-

tion for the support of the cloud although weak damping is an

advantage. The possible sources of these waves are discussed.

Key words: ISM: clouds – ISM: magnetic fields – ISM: struc-

ture – MHD – waves

1. Introduction

Molecular clouds are the birth places of stars within our Galaxy.

They fall into two categories: giant molecular clouds (GMCs)

from which massive stars are formed; and dwarf (or dark)

molecular clouds (DMCs) which give low-mass solar-type stars.

GMCs are observed to be several tens of parsecs in size with

masses ∼ 105 − 106M� and temperatures ∼ 10K. In compari-

son DMCs have masses ≤ 103M� contained within just a few

parsecs (radii ∼ 2–5pc). See also Shu, Adams & Lizano (1987)

and Young & Scoville (1991).

The dynamic giant molecular clouds, probably assembled

and dispersed as they cross the spiral arms (Young & Scoville

1991; Scoville 1992), are actually shown by observations of CO

emission to be composed of smaller clumps which have physical

properties akin to those of dwarf molecular clouds. An example
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of such a cloud complex would be the molecular cloud associ-

ated with the Orion Nebula (the closest such object to us, at a

distance of ∼ 500pc) or that associated with the Rosette Nebula

(Blitz & Thaddeus 1980). Dwarf molecular clouds themselves

are not observed solely within the spiral arms of the Galaxy.

They are likely to exist for a period of time greater than that

taken to bridge the gap between the arms and thus have life-

times ≥ 108yr (compared to ∼ 107yr for GMCs). The most

well known of these objects are in Taurus, the closest molecular

clouds at a distance of ∼ 140pc.

Giant molecular clouds are far from equilibrium. In contrast,

dwarf molecular clouds, as well as the clumps in giant cloud

complexes, must be near mechanical equilibrium as they have

a lifetime which is greater than their dynamical time. They also

have a mass greater than their Jeans mass but are not observed

to be collapsing.

Consider firstly the time-scales in a self-gravitating molec-

ular cloud. The free-fall collapse (dynamic) time-scale is given

by

tff =
√

3π/32Gρ , (1)

where ρ is the mass density and G is the gravitational constant;

for a typical number density of nH2
∼ 109m−3 (∼ 103cm−3)

this yields tff ∼ 106yr, much less than the expected lifetime of a

DMC. However, as the cloud is threaded by a magnetic field the

ambipolar diffusion time-scale also needs to be considered. This

is the time-scale at which the neutral particles diffuse through

the magnetic field and charged particles, and is given by

tAD = L2/D , (2)

where L is the characteristic length-scale of the magnetic field

and D is a diffusion coefficient. The ratio of this diffusion

time-scale to the dynamic time-scale may be approximated by

the expression

tAD/tff ∼ γC/2
√

2πG ∼ 8 , (3)

where γ is a drag coefficient and C is a weak function of the gas

temperature (see also Sect. 3) (Shu 1983; Shu et al. 1987). Hence
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it can be seen that the diffusion time-scale, being in order of

magnitude tAD ∼ 107yr, is slower than that for free-fall collapse

but still less than the lifetime of a DMC which is ∼ 108yr or

more.

Secondly, consider the Jeans mass, MJ — the critical mass

at which the internal gas pressure is no longer sufficient for

hydrostatic support and the cloud will gravitationally collapse

— which is given approximately by the expression

MJ ∼
(

kBT/m̄G
)

3
2 ρ−

1
2 , (4)

where kB is the Boltzmann constant, T is the temperature, m̄
is the mean molecular weight, G is the gravitational constant

and ρ is the mass density. For a typical temperature and number

density of 10K and ∼109m−3 (∼ 103cm−3), respectively, this

gives MJ ∼3M�, clearly implying that in typical dwarf molec-

ular clouds MJ � Mcloud and the cloud should, in the absence

of other influences such as turbulence or magnetic fields, be un-

dergoing free-fall collapse. However, if all of the dark clouds

within the Galaxy were undergoing free-fall collapse then the

predicted star formation rate (SFR) would be larger than the

actual rate, of ∼ 3 − 5M�yr−1, by a factor of ∼ 10 − 100 de-

pending on the amount of mass assumed to be contained within

these clouds (see also Zuckerman & Palmer 1974; Field 1978;

Shu et al. 1987).

Having shown explicitly that dwarf molecular clouds have

both a lifetime greater than their dynamical time and a mass

which is greater than their Jeans mass, attention needs to be

given to the mechanism by which these clouds are supported

against their own gravity.

If the mechanical equilibrium of a self-gravitating cloud is

determined solely by the internal gas pressure (P ) and gravity

(g) then the equilibrium equation would be ∇P = ρg, where ρ
is the mass density. For an isothermal layer with P (z) = ρ(z)c2,

where c is the sound speed, such an equilibrium would give the

density profile

ρ/ρ0 = sech2(z/H) (5)

(see also Spitzer 1968), where H = c2/(πGM) is a scale-

height and M is the column density. For a typical dwarf molec-

ular cloud with mass 100M� and radius 1pc the column den-

sity is M ≈ 10−1kg m−2, which together with a temperature

T = 10K gives H ≈ 0.1pc. This scale-height suggests that the

isothermal layer would be akin to a “flattened pancake”1, which

is inconsistent with observations of dwarf molecular clouds (e.g.

see Shu et al. 1987).

In conclusion, all of the evidence presented here clearly

indicates the need for some additional support against the self-

gravity of the dwarf molecular cloud (or clump within a giant

cloud complex). This support would act to hinder gravitational

collapse and hence a flattened pancake morphology.

1 It is important to note that this description of DMCs would also

apply to more realistic geometries since the magnetic field threading

the cloud would provide support perpendicular to its direction via the

Lorentz force.
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Fig. 1. A representation of the model showing the Alfvén wave pressure

force and the gas pressure counteracting the gravity

There have been many candidates for this support discussed

by various authors over the years. These include rotation (Field

1978), internal cloud hydrodynamic turbulence (Bonazzola et

al. 1987, 1992), turbulence via stellar outflows (Norman & Silk

1980; McKee 1989), and magnetic fields and the waves which

they support (Arons & Max 1975; Shu et al. 1987; Fatuzzo

& Adams 1993; McKee & Zweibel 1995; Gammie & Ostriker

1996). Of these, magnetic fields offer a great deal of promise.

They have been observed to be ordered on the scale of molecular

clouds (Moneti et al. 1984; Goodman & Heiles 1994) with field

strengths, measured by the Zeeman effect in OH (e.g. Crutcher

& Kazès 1983) and HI (e.g. Goodman & Heiles 1994), to be in

the region of ∼ 1−10nT (∼ 10−100µG). For typical densities

of ∼ 109m−3 (∼ 103cm−3) and a field strength of ∼ 10nT

the Alfvén speed is calculated to be vA ∼ 4.5km s−1, which

compares to a sound speed, with a temperature 10K, of c ∼
0.25km s−1 and fluid motions, measured from CO linewidths

(Shu et al. 1987), of ∼ 1km s−1. Such values show that a dwarf

molecular cloud is a low-β environment with fluid velocities

that are supersonic but subalfvénic.

It is difficult for supersonic turbulence to explain these

linewidths or indeed to provide support for the cloud in the

form of a turbulent pressure as it is highly dissipative (e.g.

see Field 1978; Shu et al. 1987). In contrast, magnetic fields

and the hydromagnetic waves they support are not easily dissi-

pated. They imply a linewidth-size relation which is in agree-

ment with observations (Arons & Max 1975; Mouschovias &

Psaltis 1995) and so again look favourable for cloud support.

Now, any disturbance within the cloud would generate mag-

netohydrodynamic (MHD) waves, the longest-lived being the

Alfvén wave (Zweibel & Josafatsson 1983), which would act

on the background gas like an anisotropic pressure force (Dewar

1970). Hence, within this work it is proposed that a dwarf (or

dark) molecular cloud is supported perpendicular to the ordered

magnetic field by the Lorentz force and parallel to the field by

Alfvén wave pressure.

The extent of the support perpendicular to the field can be

described in terms of a critical mass, Mcrit, above which the

magnetic support would fail and the cloud would undergo grav-

itational collapse. This mass,

Mcrit = 5 × 105M�

(

B

3µG

)3
( np

1cm−3

)−2

, (6)



1178 C.E. Martin et al.: Alfvén wave support of a dwarf molecular cloud. I

where B is the magnetic field and np is the number density

of protons, is determined from calculations of the equilibria of

isothermal, self-gravitating clouds with a frozen-in magnetic

flux (Mouschovias & Spitzer 1976; Mouschovias 1995).

The structure of this paper is as follows: the equations of

the model will be developed in Sect. 2, while Sect. 3 will dis-

cuss Alfvén waves in such interstellar media. The results will

be presented and discussed in Sect. 4 and then concluded in

Sect. 5.

2. The model

Within this study a dwarf molecular cloud is modelled as a one-

dimensional slab where the gravity, which acts to collapse the

cloud, is opposed by the internal gas pressure and the Alfvén

wave pressure force (see Fig. 1). In this first approach it is as-

sumed that the Alfvén waves are emitted from the innermost

part of the cloud, the wave sources being located in the central

plane. The model is currently being improved to allow for a

more realistic source distribution.

All of the gradients are in the z-direction, the central source

plane being at z = 0, such that the mass density ρ = ρ(z);

the gravitational acceleration g = −g(z)ẑ; the plasma velocity

v = v(z, t)x̂; the magnetic field

B = B0ẑ + b(z, t)x̂ ; (7)

and the gas pressure P (z) = ρ(z)c2, where the gas is assumed to

be isothermal with a sound speed c. The velocity perturbation

v(z, t) is taken to be Alfvénic in nature and is therefore perpen-

dicular to the direction of the applied uniform magnetic field

B0. The associated magnetic perturbation is b(z, t). Such wave

motions do not induce any compression in the gas, which is

treated as one-fluid (the neutrals and ions being taken together).

2.1. Equations of the model

In a magnetohydrodynamic model (e.g. Priest 1982) the equa-

tion of motion including gravity is

ρ
∂v

∂t
+ ρ (v.∇)v = −∇P + (B.∇)

B

µ
−∇

(

B2

2µ

)

+ ρg , (8)

where ρ is the mass density, v is the velocity, P is the pressure,

g is the gravity, B is the magnetic field and µ is the magnetic

permeability of free space.

For wave periods shorter than the characteristic free-fall

time, which is normally longer than the fundamental Alfvén

wave period in a low-β plasma, this equation can be aver-

aged over time. The result is an equilibrium equation (or force-

balance equation) between the gravity, the gas pressure and the

pressure exerted by the Alfvén waves,

0 = −∇P −∇
〈

b2(z, t)

2µ

〉

+ ρg , (9)

where b(z, t) is the magnetic field perturbation. Since all of

the components of this equation are functions of z only, the

equilibrium equation can be written

dP

dz
+

d

dz

〈b2〉
2µ

= −ρg . (10)

The motion of the MHD wave is described by the equation

of motion

ρ
∂v

∂t
− B0

µ

∂b

∂z
= 0 . (11)

Note that there is no explicit linearisation involved in deter-

mining Eqs. (10) and (11); the form of the velocity (v) and the

associated magnetic field perturbation (b) leave the Alfvén wave

pressure as the single non-linear term. The wave acts directly

on the ions and electrons in the cloud with the neutrals (n) sup-

ported, in turn, by the friction force that they exert on the ions

(i),

fn→i = −ρiρnγ(vi − vn) (12)

(Shu et al. 1987). Thus a term appears in the equation of mo-

tion which represents the friction between the neutrals and ions,

giving

ρ
∂v

∂t
=
B0

µ

∂b

∂z
− Γρv , (13)

where Γ is the damping rate (see also Sect. 3).

In the perfectly conducting limit the induction equation be-

comes

∂B

∂t
= ∇× (v × B) , (14)

which, when taken with Eq. (7) and v = v(z, t)x̂, reduces to

∂b

∂t
= B0

∂v

∂z
. (15)

The magnetic perturbation (b(z, t)) can be eliminated from

Eq. (13) by differentiating it with respect to time (t) and using

Eq. (15) to give the wave propagation equation

∂2v

∂t2
= v2

A

∂2v

∂z2
− Γ

∂v

∂t
, (16)

where vA = B0/
√
µρ is the Alfvén speed.

Assuming harmonic wave motion allows both the velocity

and magnetic perturbations to be written as

v(z, t) = < (ṽ(z) e−iωt) , b(z, t) = < (b̃(z) e−iωt) ,

where ω is the frequency and ṽ, b̃ are the complex wave ampli-

tudes

ṽ(z) = v1(z) + iv2(z) , b̃(z) = b1(z) + ib2(z) .



C.E. Martin et al.: Alfvén wave support of a dwarf molecular cloud. I 1179

Thus, upon substitution, Eq. (16) becomes

v2
A

d2ṽ

dz2
+ ω2ṽ + iΓωṽ = 0 , (17)

and similarly Eq. (15) is now

− iωb̃ = B0

dṽ

dz
. (18)

The corresponding time-averaged wave pressure is

〈b2(z, t)〉 = (b2
1 + b2

2)/2 , (19)

thus allowing the equilibrium equation to be written as

d

dz

(

ρc2 +
b2

1 + b2
2

4µ

)

= −ρg , (20)

where the gas pressure P = ρc2. The model is described by this

equation together with the wave propagation equations (Eqs. 17

and 18) and the self-gravitation equation

dg

dz
= 4πGρ . (21)

2.2. WKB waves

The WKB approximation is a method for solving wave equa-

tions in a non-uniform medium which is varying over a scale

much larger than the wavelength of the waves. In the case where

the wavelengths of the Alfvén waves are short compared with

the size of the cloud, this approximation can be applied to the

wave equations calculated above.

Consider Eqs. (17) and (18) and let the wave amplitude ṽ be

written as ṽ(z) = V (z) eiφ(z) , where φ(z) is varying at a faster

rate than V (z), such that

v2
A(−V φ

′ 2

+ iV φ
′′

+ 2iV
′

φ
′

) + ω2
V + iΓωV = 0 , (22)

(where ′ indicates a derivative with respect to z) which on equat-

ing the real and imaginary terms gives

φ
′

= ω/vA , (23)

and

d

dz

[

ln (φ
′

V
2)
]

= − Γ

vA

. (24)

Now let b̃(z) = B (z) eiφ(z) to give

B = −(B0V φ
′

)/ω . (25)

But,

d

dz

[

ln (V 2)
]

=
d

dz

[

ln

(

B 2

φ′ 2

)]

(26)

asω andB0 are constants. Substituting this into Eq. (24) and us-

ingφ
′

= ω/vA (Eq. 23), reduces the wave propagation equations

to just one, namely

d

dz

[

ln

(

B 2

√
ρ

)]

= − Γ

vA

. (27)

In the particular case of WKB waves the wave pressure term

becomes

〈b2(z)〉 = B
2/2 , (28)

and thus the equilibrium equation (Eq. 10) is

d

dz

(

ρc2 +
B 2

4µ

)

= −ρg . (29)

2.2.1. The wave energy density

Within a WKB approximation and a steady state the wave energy

density obeys an equation of radiative transfer which, in regions

where no waves are emitted, can be simply written in the form

∇.(ε vg) = −κv ε , (30)

where ε is the energy density, κv is the volume absorption co-

efficient and vg is the group velocity. In comparison, letting

U = B 2/4µ simply reduces Eq. (27) to the Alfvén wave en-

ergy transport equation (Eq. 30). This shows that U is the wave

energy density, noting that in an Alfvén wave energy is trans-

mitted partly as magnetic energy (B2/2µ) and partly as kinetic

energy (ρv2/2), the electrical energy being insignificant.

Thus the equations describing the model have been reduced

to just three within this WKB approximation: the wave equation

d

dz

(

U
√

ρ/ρ0

)

= − Γ

vA0

U ; (31)

the equilibrium equation

d

dz

(

ρc2 + U
)

= −ρg ; (32)

and the self-gravitation equation (Eq. 21)

dg

dz
= 4πGρ .

These are the equatios which will be solved in Sect. 4, together

with the boundary conditions U = U0, ρ = ρ0, g = 0 at z = 0.

The first of these conditions reflects the assumption that the

Alfvén waves are emitted from the central plane. The value

of the central mass density together with that for the central

wave energy density are determined from the column density

of the gas layer. The relation between these parameters will be

calculated a posteriori.
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3. Alfvén waves in a weakly ionized cloud

A dwarf (or dark) molecular cloud is a weakly ionized envi-

ronment, the mass of the ionized part being ∼ 10−6 that of the

neutral mass. However, the Alfvén waves acting to support the

cloud will only act directly on the electric component. Thus in

order for the cloud to be supported as a whole there needs to

be very good coupling between the ions and neutrals within the

cloud. If this were not the case the electric component of the

cloud would still be supported but the neutral mass (by far the

greater part of the cloud) would not, hence giving the cloud

a flattened pancake morphology (as in Sect. 1). This coupling

is provided by the friction exerted on the ions by the neutrals,

which is given by the expression (Eq. 12)

fn→i = −ρiρnγ(vi − vn) ,

where ρi, ρn and vi, vn are the mass densities and velocities of the

ions and neutrals, respectively, and γ = 3.5 × 1013cm3g−1s−1

is a drag coefficient (Draine et al. 1983; Shu et al. 1987).

Consider the equation of motion for the waves (Eq. 13)

within a two-fluid (ions and neutrals) analysis including the

ion-neutral friction explicitly,

ρi

∂vi

∂t
=
B0

µ

∂b

∂z
− ρiρnγ(vi − vn) , (33)

ρn

∂vn

∂t
= ρiρnγ(vi − vn) , (34)

where subscript n corresponds to the neutral quantities and i

the ionic quantities. Within this regime the induction equation

becomes

∂b

∂t
= B0

∂vi

∂t
. (35)

If the wave motions are assumed to be of the form exp (i(kz−ωt))

where k is the wavenumber and ω the angular frequency, then

Eqs. (33), (34) and (35), become

−iωρivi = (B0/µ) ikb − ρiρnγ(vi − vn) (36)

−iωρnvn = ρiρnγ(vi − vn) (37)

−iωb = B0ikvi (38)

and can be used to determine the dispersion relation, viz:

k2v2
Ai = ω2

(

1 +
ρnγ

ρiγ − iω

)

, (39)

where vAi = B0/
√
µρi is the ion Alfvén speed.

The extent of the coupling between the ions and neutrals

within the cloud is dependent upon the wave frequency ω, for

which there are two limiting cases:

(a) ω � ρiγ ; ω � ρnγ
From Eq. (37) it can be seen that

vn = vi

(

ρiγ

ρiγ − iω

)

, (40)

which in this limiting case shows that vn � vi and hence the

neutrals are not well coupled to the ions.

(b) ω � ρiγ
In contrast this limit implies, by Eq. (40), that vn ' vi and

hence the coupling between the neutrals and ions is very good,

allowing the MHD waves to support the cloud as a whole. In this

limit, where there is no difference between the mean velocity

of the ions and that of the neutrals, the induction equation (Eq.

35) reduces to Eq. (15) thus justifying this equation within the

single fluid approximation.

Comparing these two limits the maximum value the wave

frequency can take, while still allowing some coupling between

the electric and neutral components of the molecular cloud, is

ωmax = ρiγ = ρnξγ , (41)

where ξ is the ionized mass fraction. For a cosmic-ray ionization

rate of ζ = 10−17s−1 this takes a value of

ξ =
ρi

ρn

= 4.84 × 10−6
( nH2

109m−3

)−
1
2

(42)

using ρn = 2.3mHnH2
(Shu et al. 1987; Mouschovias 1995)

and ρi = C
√
ρn, where for average metal depletions and low

temperatures C = 3 × 10−16cm−3g
1
2 (Elmegreen 1979; Shu

et al. 1987). The maximum wave frequency gives a minimum

wave period of

τmin =
2π

ωmax

= 3.06 × 105yr
( nH2

109m−3

)−
1
2

(43)

and so waves which have a period much less than 105yr do

not contribute to the MHD wave support of the whole cloud,

regardless of the degree to which they are damped.

It is important to note explicitly the dependence of

this wave period on the ionization fraction of the cloud:

τmin ∝ ξ−1 ∝ ζ−1/2 (Elmegreen 1979). The value adopted for

the ionization rate in Eq. (42) gives a very low ionized mass

fraction which is thought to be typical in these clouds (Shu et

al. 1987; Hartquist & Williams 1995). However the value of τmin

can be affected by a variation in the cosmic-ray ionization rate

(Farquhar et al. 1994) as well as embedded or external sources

of ultraviolet or x-ray radiation (Gredel et al. 1989; Le Bourlot

et al. 1993; Tiné et al. 1997; Yan & Dalgarno 1997) depending

upon the location and point of evolution of the cloud (Hartquist

et al. 1993). Such sources yield x-ray dominated regions (XDRs)

(e.g. Tiné et al. 1997) and photodissociation regions, or photon

dominated regions (PDRs), (e.g. Le Bourlot et al. 1993) in which

the ionization rate may be substantially increased. For example,

an ionization rate of ζ = 10−12s−1, for typical number densities

of ∼ 109m−3, (Tiné et al. 1997) reduces the minimum wave

period (τmin) to ∼ 103yr.

Considering these waves still further leads to the introduc-

tion of a maximum wave period, τmax; the wavelength of the

MHD wave must be less than the size of the cloud given that

the fundamental mode must have a wavelength of that order,
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and also because such a long wavelength would offer only very

little support to the gas. Thus, τmax = Rc/vA is given by

τmax = 1.07 × 106yr

(

Rc

5pc

)(

10nT

B

)

( nH2

109m−3

)
1
2

, (44)

where Rc is the radius (or thickness in this model) of the cloud

and vA is the Alfvén speed of the neutrals and ions together

which is given by

vA = 4.55km s−1

(

B

10nT

)

( nH2

109m−3

)−
1
2

. (45)

In the limit where there is good coupling between the ions

and neutrals (case (b)) the dispersion relation (Eq. 39), using a

Taylor series expansion, becomes

kvA ' ± ω

(

1 +
i

2

ωρn

(ρi + ρn)ρiγ

)

, (46)

where vA = B0/
√
µ(ρi + ρn). Thus it is possible to define a

damping rate, for a wave to damp by a factor e, as

Γ = kivA =
1

2

ω2ρn

(ρi + ρn)ρiγ
, (47)

where ki is the imaginary term in the dispersion relation. Given

that the ionized mass fraction is so small (Eq. 42) the damping

rate can be written as

Γ =
1

2

ω2

ξρnγ
(48)

to a very good approximation. In terms of the wave period (τ )

and the molecular hydrogen number density (nH2
) this parame-

ter has a value of

Γ = 9.61 × 10−5yr−1
( nH2

109m−3

)−
1
2

(

τ

105yr

)−2

, (49)

corresponding to a damping time of

td =
1

Γ
= 1.04 × 104yr

( nH2

109m−3

)
1
2

(

τ

105yr

)2

(50)

and a damping length of

l = vAtd = 4.84 × 10−2pc

(

B

10nT

)(

τ

105yr

)2

. (51)

The ion-neutral friction relied upon to couple the two com-

ponents of the cloud is also a linear process acting to dampen the

MHD waves propagating through the cloud. Zweibel & Josafats-

son (1983) suggest that the most effective damping mechanism

is non-linear steepening of the waves into shocks, caused by the

wave magnetic pressure gradient, followed by linear ion-neutral

friction. For waves which propagate parallel to the unperturbed

magnetic field the damping rate for this non-linear effect is found

to be

ΓNL =
ωδv2

v2
A

(52)

(Zweibel & Josafatsson 1983), where δv is the turbulent fluid

velocity. This corresponds to a damping length of

lNL = 1.53pc
( nH2

109m−3

)−
3
2

(

B

10nT

)3

×
(

τ

105yr

)(

δv

1km s−1

)−2

(53)

for typical parameters within this study. Now the non-linear

damping process will completely dominate the linear process if

lNL � l. This is generally not the case for realistic fluid veloc-

ities (e.g. see Myers & Goodman 1988 and references therein)

and so the damping within this model is taken to be solely by

the linear process of ion-neutral friction.

3.1. The source of the waves

The required efficiency of the ion-neutral coupling results in a

minimum period for waves supporting the cloud of∼ 105yr for a

typical ionization fraction. Which source within a dwarf molec-

ular cloud could generate waves of this period? Of course, any

motion not parallel to the direction of the unperturbed magnetic

field will generate waves, but consider in turn: an expanding HII

region (Arons & Max 1975); and the orbital motions within the

gas as a whole, namely, large-scale (Falgarone & Puget 1986)

or protostellar condensations (Arons & Max 1975).

The first of these possible sources, the Strömgren sphere,

is unlikely to prove viable within the environment of a DMC

as these clouds produce low-mass stars which are not strongly

ionizing. In addition, this source would only be available in

clouds with embedded stars and thus could not provide support

for a quiescent dwarf cloud which had not yet formed any stars.

Secondly, consider the orbital motions of the clumps and

cores (Hartquist et al. 1993) within the cloud. Kepler’s third

law states that

τ 2
K =

4π2

GM
R3 , (54)

where τK is the period, G is the gravitational constant, M is

the mass and R is the orbital radius. Larson (1981) first showed

there to be a correlation between the observed mass densities

and sizes of molecular clumps, which states approximately that

Mclump

100M�

=
R2

clump

1pc
(55)

(e.g. see Falgarone & Puget 1986) and allows Eq. (54) to be

written

τK = 9.37 × 106yr

(

Rclump

1pc

)
1
2

. (56)

Hence for large-scale condensations within a molecular cloud

Rclump ∼ 0.1pc, say, the period is τK ∼ 3 × 106yr, which is

greater than the calculated minimum period of∼ 105yr and thus

represents a viable source for the waves providing the support.
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Decreasing the size of the clump down to the typical size of a

protostellar core, 1M� in 100AU say, reduces the period to just

∼ 103yr. This would appear to suggest that the orbital motions

of cores do not represent a useful source if the ionization fraction

is given by Eq. (42). However if the ionization rate is increased,

say by an embedded star within the core (as discussed above),

then these cores could act as an additional source for the Alfvén

waves.

This section has discussed the wave sources available in

a DMC and shown them to be the motions of condensations

in the cloud. Within the slab geometry utilised in this paper it

has been assumed that these denser regions of gas lie along the

central plane of the layer (z = 0), thus simplifying the probable

distribution of clumps and cores within a DMC.

4. Alfvén wave support

The set of equations fully describing the model (Eqs. 31, 32

and 21) will now be solved to give the density profile and hence

the “thickness” of the layer, in two cases: without any wave

damping; and including wave damping in accordance with ion-

neutral friction.

4.1. Without damping

In the absence of damping, i.e. when Γ = 0, the WKB wave

equation (Eq. 31) implies that

U = U0

√

ρ/ρ0 , (57)

where ρ0 and U0 are the mass and energy densities at the central

plane, respectively. Substituting this expression for the wave

energy density into the equilibrium equation (Eq. 32) leaves

c2 dρ

dz
+ U0

d

dz

(
√

ρ

ρ0

)

= −ρg , (58)

which together with the self-gravitation equation (Eq. 21) can

be used to find the relationship between the gravity (g) and the

mass density (ρ). Now Eq. (21) gives an expression for dz which

on substituting into Eq. (58) and integrating gives

(1 −
√

ρ̃)(1 + λ +
√

ρ̃) = g2/8πGρ0c
2 , (59)

where ρ̃ = ρ/ρ0 and

λ = U0/ρ0c
2 (60)

(see Sect. 4.3 for a discussion of the values of this parameter).

This can then be inserted back into Eq. (21) to give the density

stratification, which, upon letting u =
√

(1 −√
ρ̃)(1 + λ +

√
ρ̃),

becomes

z =
2c√

8πGρ0

∫ s

0

du
[

√

(1 + λ
2

)2 − u2 − λ
2

]2
. (61)

Applying the substitution u = (1 + λ/2)(2t/1 + t2) gives finally

Table 1. The central mass density (ρ0), central energy density (U0)

and thickness of an isothermal gas slab supported by waves without

damping, with column density M = 10−1kgm−2 and temperature T
= 10K, for increasing values of the parameter λ; where λ = U0/ρ0c

2

is the ratio between the wave pressure and the isothermal gas pressure

at the central plane (z = 0)

λ ρ0 (kg m−3) U0 (J m−3) Thickness (pc)

0 1.75× 10−17 0 0.20

10 1.59× 10−18 9.52× 10−13 1.84

20 8.33× 10−19 9.98× 10−13 3.49

30 5.64× 10−19 1.01× 10−12 5.13

40 4.27× 10−19 1.02× 10−12 6.77

z =
2c (1 + λ

2
)√

8πGρ0

[

λ
2

1 + λ

√

(1 −√
ρ̃)(1 + λ +

√
ρ̃)

(1 + λ
2

)
√
ρ̃

+

1 + λ
2

(1 + λ)
3
2

ln

{

√

1 + λ +
√
ρ̃ +

√

(1 + λ)(1 −√
ρ̃)

√

1 + λ +
√
ρ̃−

√

(1 + λ)(1 −√
ρ̃)

}]

. (62)

This expression fully describes the relationship between the

mass density ratio (ρ̃) and the height above the central plane

(z) where ρ̃ = 1 at z = 0 and ρ̃ → 0 as z → ∞. Note that

the magnetisation parameter λ is inversely proportional to the

plasma beta (β) and therefore larger values of λ correspond to

the magnetic field becoming increasingly dominant within the

cloud dynamics.

Shown in Table 1 is the thickness of an isothermal gas slab

with column density M = 10−1kg m−2 and temperature T =

10K, for increasing values of λ. The case λ = 0 represents a

cloud in which there is no wave support and hence the gravity

is balanced by the internal gas pressure alone (see also Sect. 1).

The column density M is given by the expression

M =
2√

2πG

√

ρ0c2 (1 + λ) (63)

and the thickness of the slab is defined as twice the height above

the central plane at which the central mass density has decreased

by a factor of e, i.e. 2 × z(ρ̃ = 1/e).

Figure 2 shows simply that increasing the value of the pa-

rameter λ, i.e. increasing the wave support, increases the thick-

ness of the isothermal gas slab. Maintaining the same column

density requires the mass density at the central plane to decrease

as wave support increases (see Fig. 3) so that the material in the

layer becomes more evenly distributed. Altering the column

density and temperature naturally brings about a change in the

thickness of the slab. For example, increasing the column den-

sity will favour gravity and hence reduce the size of the slab,

whereas increasing the temperature will favour the gas pressure

and so increase the thickness. As can be seen from Eq. (62)

and Fig. 4, there is a linear relationship between the height (z)

above the central plane and the parameter λ, showing that a

higher temperature together with a lower column density would

increase the thickness of the layer more markedly as the value

of λ is increased.
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Fig. 2. The (i) mass density ratio and (ii) energy density ratio profiles

in an isothermal gas slab supported by waves without damping, with

column density M = 10−1kg m−2 and temperature T = 10K, for (a)

λ = 0, (b) λ = 10, (c) λ = 20, (d) λ = 30 and (e) λ = 40; where

λ = U0/ρ0c
2 is the ratio between the wave pressure and the isothermal

gas pressure at the central plane (z = 0)

Fig. 3. The mass density profiles as for Fig. 2

Hence, it can be seen from these results that damping is

not a prerequisite for the Alfvén waves to support a molecular

cloud out to typical observed radii, providing the value of λ
and hence the magnitude of the magnetic field perturbation is

large enough. The wave flux (∼ UvA) is conserved along the

direction of propagation but the Alfvén speed (vA) is not and so

it is the resulting gradient in the wave energy density (U ) (see

Fig. 2) that provides the support.

Fig. 4. The thickness of an isothermal gas slab supported by waves

without damping plotted against the parameterλ for (i) different values

of the column density (M) with temperatureT = 10K and (ii) differ ent

values of the temperature (T ) with column density M = 10−1kg m
−2

4.2. With damping

Friction between the ions and neutrals is the mechanism by

which the dwarf molecular cloud is supported as a whole (given

that the magnetic field will act directly on the electric compo-

nent of the cloud and not the neutrals). This ion-neutral friction

is a linear process which will act to damp the Alfvén waves

propagating through the layer (see also Sect. 3 and Zweibel &

Josafatsson 1983).

In the limit when there is good coupling between the ions

and the neutrals (ω � ρiγ) the damping rate is given by Eq.

(48), where the total mass density ρ ' ρn, which can be written

as

Γ = κ/
√

ρ/ρ0 , (64)

where κ = ω2/2Cγ
√
ρ0. Using this expression for the damping

rate, the WKB wave equation (Eq. 31) integrates to

U = U0

√

ρ̃ e−kz , (65)

where k = κ
√
µρ0/B0.

As in the previous section, using the self-gravitation equa-

tion (Eq. 21) to eliminate the gravity (g) from the equilibrium

equation (Eq. 32) gives an expression describing the density

stratification



1184 C.E. Martin et al.: Alfvén wave support of a dwarf molecular cloud. I

Table 2. The thickness of an isothermal gas slab with column density

M = 10−1kg m−2 and temperature T = 10K for increasing values

of the parameters λ and k; where λ = U0/ρ0c
2 is the ratio between

the wave pressure and the isothermal gas pressure at the central plane

(z = 0) and k is a damping parameter

λ Thickness (pc): k (m−1) Thickness without

10−16 10−17 10−18 damping (pc)

0 0.20 0.20 0.20 0.20

10 1.32 1.97 1.87 1.84

20 1.74 3.70 3.56 3.49

30 1.99 5.19 5.29 5.13

40 2.17 6.47 7.04 6.77

d

dz

(

ρ̃ + λ
√

ρ̃ e−kz
)

= −
√

8πGρ0

c2
ρ̃

√

1 + λ− ρ̃− λ
√

ρ̃ e−kz . (66)

No analytical solution of this equation has been found but using

the substitution u =
√

1 + λ− ρ̃− λ
√
ρ̃ e−kz , where u = 0 at

z = 0, reduces it to

du

dz
=

√

2πGρ0

c2

(
√

λ2

4
e−2kz+1+λ−u2 − λ

2
e−kz

)2

, (67)

which allows the problem to be solved numerically.

The mass and energy density ratio profiles given by an in-

termediate value of the damping parameter k (10−17m−1) are

shown in Fig. 5, with the actual density profiles shown in Fig.

6. As in the case without damping, increasing the value of λ
increases the thickness of the cloud but in addition it also ac-

centuates the rise in density occurring either side of the central

plane. The increase in density can be seen in the expression

dρ̃

dz
=

kU − ρ0ρ̃g

ρ0c2 + U/2ρ̃
, (68)

which is obtained from the equilibrium equation (Eq. 32) and

the wave propagation equation (Eq. 31): a positive density gra-

dient is given when kU > ρ0ρ̃g. This criterion is satisfied in a

region near the central plane where the value of the wave en-

ergy density is at its maximum (Fig. 5(ii)). Clearly increasing

the initial value of the wave energy density, i.e. increasing λ,

will increase the extent of this region. Such a mass distribution

is supported against gravity by an Alfvénic pressure which is

essentially a zero-mass “material”. Rayleigh-Taylor instability

may result and this is a point which will be discussed in future

work where there is a more realistic distribution of Alfvén wave

sources.

The actual thickness of the gas slabs represented by these

profiles is shown in Table 2, the last column of which contains for

comparison the results for a cloud supported by waves without

any damping. The isothermal layers have column density M =

10−1kg m−2 and temperature T = 10K, and thus from Eq. (63)

the same central mass and energy densities as shown in Table

Fig. 5. The (i) mass density ratio and (ii) energy density ratio profiles

in an isothermal gas slab supported by waves including damping, with

column density M = 10−1kg m−2, temperatureT = 10K and damping

parameter k = 10−17m−1, for (a) λ = 0, (b) λ = 10, (c) λ = 20, (d)

λ = 30 and (e) λ = 40; where λ = U0/ρ0c
2 is the ratio between

the wave pressure and the isothermal gas pressure at the central plane

(z = 0)

1. Notice that increasing the value of the parameter k does not

necessarily increase the size of the gas slab (see Fig. 7). If the

damping is too strong then the wave is stopped well within the

density distribution and the ability for these waves to provide

any overall support for the gas is lost. And so for each value of k,

increasing the value of the parameter λ will continue to increase

the thickness of the layer but only up to a certain value at which

the waves have been completely damped. Thus, introducing the

damping has complicated the linear relationship between the

thickness of the slab and λ (see Fig. 8) although the benefits of

a low column density and high temperature are still prevalent.

4.3. Discussion

The values displayed in Table 2 show how the thickness of the

slab varies with decreasing damping and then with no damping

at all. A direct comparison between the support with damping

and that without is illustrated in Fig. 9 for different values of

the parameter k, from 10−16m−1 for strong damping through

to 10−18m−1 for weak damping. It can be seen that when the

waves are only weakly damped, the gradient in the wave energy

density increases slightly, resulting in a small increase in cloud

support and thus a marginally larger value for the thickness.
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Fig. 6. The mass density profiles as for Fig. 5

Fig. 7. The thickness of an isothermal gas slab supported by waves in-

cluding damping, with column density M = 10−1kg m−2 and temper-

ature T = 10K, plotted against the parameter λ for (a) k = 10−16m−1,

(b) k = 10−17m−1 and (c) k = 10−18m−1

However, if the damping is too strong then the thickness of the

gas slab actually decreases relative to that without any damping.

The upper limit of the parameter k (∼ 10−16m−1), which gives

the strongest damping, arises from considering the maximum

wave frequency ωmax (see Sect. 3) as k ∝ ω2. This is the limit at

which there can be some coupling by friction between the ions

and the neutrals. However, to achieve good coupling and hence

support of the cloud as a whole the wave frequency ω � ωmax

and thus k � kmax, i.e. k � 10−16m−1, which is advantageous

for cloud support.

The second key parameter in determining the extent of the

cloud support and hence the thickness of the layer is,

λ = U0/ρ0c
2 = b2/2βB2

0 , (69)

where the plasma beta β = 2µP/B2
0 and U0 = b2/4µ (see Sect.

2.2.1). For a typical plasma beta of

β = 5.79 × 10−3

(

T

10K

)

( nH2

109m−3

)

(

B

10−8T

)−2

(70)

this parameter takes the value λ ∼ 85 (b2/B2
0 ). However

b/B0 ' v/vA, where v is the velocity associated with the

magnetic perturbation b. Now the fluid velocity is supersonic

Fig. 8. The thickness of an isothermal gas slab supported by waves

including damping, with k = 10−17m−1, plotted against the parameter

λ for (i) different values of the column density (M) with temperature

T = 10K and (ii) different values of the temperature (T ) with column

density M = 10−1kg m
−2

but subalfvénic (v ≤ vA) and typical values (see Sect. 1) of

v ∼ 1km s−1 and vA ∼ 4.5km s−1 give λ ∼ 20, which cor-

responds to a cloud thickness of a few parsecs (see Table 2)

akin to observations. For turbulent velocities approaching the

Alfvén value (Myers & Goodman 1988; Goodman & Heiles

1994; Mouschovias & Psaltis 1995) the parameter λ ∼ 80; in

the case where there is no damping this would result in a contin-

uous increase in the thickness as z ∝ λ (see Fig. 4). However,

with damping included the resultant thickness of the layer would

depend on the value chosen for the parameter k (see Fig. 7): the

strongest value gives a thickness of only ∼ 2pc, while an or-

der of magnitude less gives ∼ 10pc (equivalent to a radius of

∼ 5pc), which is in good agreement with observations of dwarf

molecular clouds (e.g. see Shu et al. 1987).

In summary, it has been shown that Alfvén waves can pro-

vide the required support for a dwarf (or dark) molecular cloud

along the magnetic field lines, while support perpendicular to

the field lines is provided by the Lorentz force. The damping

of these waves is not a necessary condition for this support, but

weak damping is both likely and favourable.

5. Conclusion

This study has described a self-consistent model which suc-

cessfully provides the necessary support for a molecular cloud
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Fig. 9. The (i) mass density ratio and (ii) energy density ratio profiles

in an isothermal gas slab, column density M = 10−1kg m−2 and

temperature T = 10K, with λ = 30 for (a) support by waves in the

absence of damping, and support by waves including damping with (b)

k = 10−18m−1, (c) k = 10−17m−1 and (d) k = 10−16m−1

parallel to the ordered magnetic field. The support is given by

an Alfvén wave pressure force, the Alfvén waves being gen-

erated by the orbital motions of large condensations of gas

within the cloud. In addition, utilising the magnetic field allows

the observed linewidths and rotation within a dwarf molecular

cloud to be understood (Arons & Max 1975; Shu et al. 1987;

Mouschovias & Psaltis 1995). The assumptions made within

this initial model are certainly simple when compared with the

complexity of actual clouds, particularly on such aspects as the

cloud’s thermodynamics, the distribution of wave sources and

the one-dimensional geometry adopted for the model. Thus it

would be premature to attempt a direct comparison between this

model and observations. Nevertheless this work does provide

a useful insight into the mechanical equilibrium found within

dwarf (or dark) molecular clouds. It shows that realistic values

of the magnetisation parameter (λ) result in significant mechan-

ical support, even in the absence of damping; and that the idea

of Alfvén wave support deserves further examination, which

is presently being conducted on some aspects left aside in this

paper.
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