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Abstract.

The Sun’s atmosphere contains many diverse phenomena that are dominated
by the coronal magnetic field. To understand these phenomena we must determine
the structure of the magnetic field, i.e., the magnetic topology. We study here the
topological structure of the coronal magnetic field arising from the interaction of
two bipolar regions, for which it transpires that four distinct, topologically stable
states are possible. A bifurcation diagram is produced, showing how the magnetic
configuration can change from one topology to another as the relative orientation
and sizes of the bipolar regions are varied. The changes are produced either by
a global separator bifurcation, a local double-separator bifurcation, a new, global
separatrix bifurcation or a new, global spine bifurcation.

1. Introduction

The magnetic energy in the solar corona is, in general, much stronger
than other types of energy. From this it follows that many dynamic
phenomena in the solar corona - including, for instance, solar flares
and eruptive prominences - are magnetically driven.

The coronal field arises from a large number of magnetic flux sources
on the photosphere, which continually move around, merging and can-
celling, appearing and disappearing. It is this continuous evolution
that produces the enormous complexity of the coronal field structure.
Furthermore, many of the dynamic phenomena occur only in complex
configurations when topologically distinct parts of the magnetic field
are interacting with each other (e.g., in flares, Lau, 1993; Aulanier
et al., 1998; Fletcher et al., 2001). An important long-term project,
then, is to categorise and study the different types of topology of the
coronal magnetic field as a prerequisite for a full understanding of the
mechanisms that control these dynamic phenomena.

In this paper, our aim is to focus on the simplest class of complex
topologies that occurs in practice in a solar active region, namely the
field due to two dipoles. This scenario is of some importance, since it
arises reasonably frequently, for instance, when a new bipole emerges
into a pre-existing bipolar region,
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One way of describing the complexity of a configuration is to cal-
culate the ‘magnetic skeleton’ of the field (Priest, Bungey and Titov,
1997). This consists of the positions of the sources and any null points
along with their spine curves and fan separatrix surfaces, as well as any
separators.

Nulls are points where the magnetic field vanishes. Their linear
structure has been studied in detail by Parnell et al. (1996), who find
that the field near a null point may in general be written in the form
B = M-r, where r is the position vector (z,y,2)? and M is the matrix:

X 1 s(a—3j)) 0
M=|3(g+j) »p 0 :
0 JL —(p+1)

where j; and j; represent the current parallel and perpendicular (re-
spectively) to the spine, while p and ¢ are potential field parameters.

In view of V- B = 0, the trace of M - and hence the sum of its
eigenvalues - is also zero (see also Cowley, 1973; Lau and Finn, 1991).
In the non-degenerate potential case, which is the one we shall consider
here, one of the eigenvalues is of the opposite sign to the other two.
The eigenvector associated with the first defines a spine field line; the
other two define a fan plane (Lau and Finn, 1990). Figure 1 illustrates
this structure.

The field lines beginning in this fan plane form a separatrix surface,
which splits the space into regions of different connectivity. Where two
separatrices intersect, a field line connecting two null points exists. This
field line, known as a separator, lies at the boundary of four regions of
different connectivity, and is a prime location for reconnection to occur
(Figure 2) by so-called ‘separator’ reconnection (Priest and Titov, 1996;
Galsgaard and Nordlund, 1996; Longcope, 1996; Galsgaard et al., 2000.)
Brown and Priest (1999) give a topological analysis of such separators.

The arrangement of these structures determines their topology. We
examine here the topologies due to a small number of discrete point
sources in the photosphere, following for instance Gorbachev et al.
(1988). They gave a preliminary treatment of four sources and found
that coronal nulls can exist in such a configuration, and that separators
do not occur in every case. They also showed that a null line can
exist. Their bifurcation analysis, however, was limited, since they con-
cerned themselves with existence proofs rather than a full quantitative
analysis.

Further work on coronal nulls has been carried out by Inverarity and
Priest (1999), and Brown and Priest (2001), who consider general solu-
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Figure 1. The structure of the magnetic field near a null point (the heavy dot). The
spine is represented by a heavy line, the fan plane by medium-weight lines and some
field lines by thin curves.

tions for such nulls and how they can bifurcate out of the photosphere
into the corona.

This study is similar to work undertaken by Priest, Bungey and
Titov (1997) on two-source and simple three-source cases, and by Brown
and Priest (1999) who completely classified the three-source scenario.
They found that eight topologies are possible in that case and analysed
the bifurcations between them.

We will extend their analysis to four sources by considering two
dipoles of different strengths. We find just four distinct topologies,
some of which have previously been examined in the Gorbachev et
al. (1988) paper. There are four distinct types of bifurcation between
the topologies. Two of them have been found before, namely the ‘local
double-separator’ bifurcation (in which a null is created or destroyed)
and the ‘global separator’ bifurcation (in which a separator appears or
disappears). The other two bifurcations are new, and we refer to them
as ‘global separatrix’ and ‘global spine’ bifurcations.

In Section 2, we outline our assumptions and the model we shall
be using. Section 3 details the different types of topology that can
be created with this model, and Section 4 examines the bifurcations
between them. We conclude with a discussion of our results.
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Figure 2. A typical three-source topology - the intersecting case. The crosses and
diamonds represent positive and negative sources, respectively; the large dots are
null points. The dashed line is a separator, which is the line of intersection of the
two separatrix surfaces (containing the lighter solid field lines) which here form a
dome and a wall. The thick solid lines are spine field lines.
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2. Assumptions and Model

The coronal magnetic field is often considered to be force-free (since
B < 1 and motions are much slower than the Alfvén speed). As we
are studying the topology of the field, we will make the further as-
sumption that the field is potential for the sake of simplicity. Force-free
fields are unlikely to have any different topological states, although
the precise parameter values that produce changes between them will
certainly depend on how far from potential the field is (Brown and
Priest, 2000). This would introduce an extra set of parameters into the
already complicated analysis presented here.

We consider two pairs of flux sources (for instance, sunspot pairs)
situated in the photosphere, which we model locally as a plane, taking
the corona to be the half-space above it. The field at a distance r from
a sunspot or other flux source of non-zero radius R does not differ
significantly from that of a point source when r > R. It is reasonable,
then, to model the flux sources here as point sources provided we are
not too close to them.

For a set of n discrete sources placed at r; with strengths €;(i =
1...n), the field is

B(r) = Z €(r —r;)

il it i
We examine the two-dipole case, that is to say, with n =4, ¢ = —eo
and e3 = —e4. We can rescale the geometry without loss of generality
by choosing two of the source locations as r1 = (1,0), ro = (—1,0).
We can also rescale the source strengths so that ¢ = 1, e2 = —1,
€3 = —€4 = € < 1 with 0 < e < 1. In other words, by scaling we can

reduce the ten dimensional parameters in the initial setup to just five
independent dimensionless parameters.
Our expression for B(r) is then:

B(r) (r —x) —(r+%) er—r3) —e(r—ry)
r=xP T AP T eonP T romP

The five parameters are the value of € and the coordinates of r3 and
ry in the plane z = 0. Since five is still too many parameters to allow
a comprehensive study, we here fix ¢ and move the poles of the weaker
dipole around a fixed centre (zg,yo), to leave just two parameters,
namely the z and y coordinates of the weaker source.
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Figure 3. Intersecting state, as seen from above (left) and from the side (right)
produced by two sources (crosses) and two sinks (diamonds). The fan of each null
(heavy dot) defines a separatrix surface (thin solid lines). In this case the separatrices
form domes which intersect in a separator (dashed line.) There are four distinct
regions of connectivity.

3. Topologies

An arrangement of four discrete flux sources in the photospheric plane
must have two null points in that plane. It is the different possible
connectivities of their fan and spine field lines which define the four
different topologies of the overlying coronal magnetic configuration, as
follows.

3.1. INTERSECTING STATE

If the fan field lines for a null in the plane connect to different sources,
and the nulls are of different sign, then we have the intersecting state
(Figure 3). The fans of the two nulls here form two separatrix domes
which intersect in a separator field line. This state occurs usually when
the distance across the weaker bipole is small enough for there to be
field lines connecting across it, or so large that the stronger bipole can
be considered a point dipole.

3.2. DETACHED AND NESTED STATES

If, instead, all the fan field lines from one null connect to one source and
all those in the other fan connect to another, the state is either detached
(Figure 4) or nested (Figure 5). The only difference between these two
states is that in the nested state one of the separatrix domes envelops
the other, while the detached state is topologically identical to two
independent and unbalanced pairs of sources. These states generally
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Figure 4. Detached state. The two separatrix domes do not intersect. There is no
separator and only three regions of connectivity.
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Figure 5. Nested state. One separatrix dome surrounds the other. There are three
regions of connectivity and no separator exists. These are schematic plots; in practice
both separatrix domes are often much larger and are far from circular.

occur when the distance across the weaker bipole is comparable to that
across the stronger while its strength is significantly smaller.

3.3. CORONAL NULL STATE

Finally, if the nulls are of the same sign, a further two nulls of the
opposite sign are required to balance them. Because of the symmetry
in the plane, one must be above the photosphere (i.e., a coronal null)
and the other is below the region z > 0 (so we ignore it). This is the
coronal null state (Figure 6).

4. Bifurcations

Let us consider the arrangements of the sources that produce the vari-
ous topological states. The fixed sources of strength +1 are located at
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Figure 6. Coronal null state. There are four regions of connectivity and two separa-
tors (each of which is a field line joining the coronal null to a null in the photospheric
plane.)

A 2 3

Figure 7. Bifurcation diagram for e = 0.8 and (xo,y0) = (0.4,0.7). The solid lines
represent global separator bifurcations; the dashed lines are local double-separator
bifurcations. The dotted lines represent the global separatrix bifurcation and the
dot-dashed line is a global spine bifurcation. The label CN denotes coronal null
regions, D represents the detached regions and N the nested areas. The remaining
regions are intersecting states.
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(£1,0), while the centre of the weaker dipole is located at a fixed point
(zo,y0) = (0.4,0.7). Figure 7 is a bifurcation diagram which shows the
nature of the topology when the positive moving source number 3, with
strength € = 0.8 is located at any point (z,y) in the plane z = 0. Its
corresponding negative source is located at (2zy — z, 2y — y).

There are five critical points (marked with stars), where regions of
several different topologies meet. These are the rotation centre (xg, o),
the locations of the two fixed sources (£1,0) and their reflections about
the centre (229 + 1,2yg), where two of the sources merge.

Several regions of different topology are immediately apparent. There
are two coronal null regions: one beginning at (—1,0) and tending
towards (—o0,p), the other lying between (2z¢ — 1,2yg) and (zo, yo).
Nested-type states exist in two crescent areas, one linking (2z¢ — 1, 2yg)
and (2z¢ + 1,2y0) and the other joining (—1,0) and (1,0). This lower
crescent is split into a nested region (extending from the negative fixed
source) and a detached region (near the positive source). Between the
rotation centre (0.4,0.7) and (1,0) is a nested region too narrow to be
shown in the figure; likewise between (2z( + 1,2y) and (oo, yp) lies a
thin nested region.

4.1. GLOBAL SEPARATOR BIFURCATION

The global separator bifurcation, which creates or destroys a separator,
is well understood (Brown and Priest, 1999). It changes the state from
intersecting to detached or nested, and vice versa. It is marked in the
bifurcation diagram by a solid line. Figure 8 shows an example of the
changes in the skeleton, as seen from above, during such a bifurcation
from an intersecting to a detached state. On the left there are two
separatrix domes intersecting in a separator. As the two domes move
apart, the separator falls in height until, at the moment of bifurca-
tion (middle), it reaches the plane and vanishes, to leave the detached
topology (right).

4.2. LOCAL DOUBLE-SEPARATOR BIFURCATION

The local double-separator bifurcation, which changes the topology
from an intersecting to a coronal null state and vice versa, is also well
understood (Brown and Priest, 2001). Figure 9 shows the process by
which one of the photospheric nulls splits into three nulls, one of which
remains in the photosphere, another rises into the corona and the other
disappears beneath the photospheric plane. This bifurcation is denoted
in Figure 7 by a dashed line.

magtoppaper.tex; 22/10/2001; 13:53; p.9
gtoppap p



10

N
S/ S

<

Figure 8. Global separator bifurcation from an intersecting state (left) to the
detached state (right).

4.3. GLOBAL SEPARATRIX BIFURCATION

It is also possible for one intersecting state to bifurcate into another
intersecting state (Figure 10) by way of a new global separatrix bifur-
cation. A change from a detached to a nested state or vice versa may
also take place by a separatrix bifurcation. In both cases, one separatrix
grows progressively larger until it becomes a separatrix wall and ‘wraps
around’ another, smaller separatrix dome. This is marked by the dotted
lines in Figure 7.

4.4. GLOBAL SPINE BIFURCATION

Finally, a new global spine bifurcation (Figure 11) has a similar effect
to a global separatrix bifurcation, but here it is the spine rather than
the separatrix dome that extends to infinity. It is marked by the dash-
double-dot line in Figure 7.

5. Discussion

In reality, the solar surface contains many thousands of flux ‘sources’
in the form of sunspots, ephemeral regions, network elements and in-
tense flux tubes, which are constantly appearing, fragmenting, merging,
cancelling and disappearing. The overlying coronal magnetic field has
therefore an incredibly complex nature.

However, studying simpler topologies due to three or four sources is
important, since these act as building blocks for the whole corona. So
far, a complete study of the topology of three sources has been under-
taken (Brown and Priest, 1999). An exhaustive study of the topology
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Figure 9. Local double-separator bifurcation. The left-hand null in the left-hand
diagram, splits into three nulls, one of which is hidden below the plane.

due to four sources is far more difficult to complete since it contains two
more parameters, namely the position coordinates of the fourth source.
(If there is an imbalance, a third extra parameter, namely the strength
of the imbalance would be included). Until now, only a cursory analysis
has been reported of a few special cases with four sources.

Here we focus on the subcase of the set of topologies due to two
bipolar regions, which is physically important on the Sun since flux
appears by the emergence of bipoles. Also, the interaction of a new
bipole with a pre-existing bipole is a very common occurrence.

The resulting bifurcation diagram (Figure 7) is rather complicated
and includes four different types of bifurcation (namely, a global separa-
tor bifurcation, a local double-separator bifurcation, a global separatrix
bifurcation and a global spine bifurcation, the last two of which are
new). They allow changes of topology between four distinct states,
namely an intersecting state, a detached state, a nested state and a
coronal null state. Calculating this bifurcation diagram is made partic-
ularly difficult by the appearance of the global spine and global sepa-
ratrix bifurcations, in which parts of the skeleton move off to infinity
and are not easily found by automatic computational algorithms.
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Figure 10. Global separatrix bifurcation (schematic plot). One separatrix dome
grows (left), until it becomes a separatrix wall (centre) and wraps around the other
dome (right.)

Y

Figure 11. Global spine bifurcation (schematic plot). One spine grows (left), reaches
to infinity (centre), and ‘wraps around’ to the other side (right.)

We expect that extending the analysis to force-free fields or chang-
ing the values of our fixed parameters - the moving bipole strength
and the position of its centre - will change the size and shape of the
regions produced, but is unlikely to produce fundamentally different
topologies or bifurcations. Although understanding these topologies is
an important task in its own right, it will be interesting in the future
to undertake numerical MHD experiments on various bifurcations that
we have identified in order to determine their dynamical consequences
for the Sun’s atmosphere.
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