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Attempt ALL questions

The following MHD Equations, written using the usual notation, may be quoted and
used where required

0 o
LAV (pv)=0,  pS 4 p(v-V)v=—Vp+jxB+pg
ot ot
p = 2pRT, i=V xB/pu, V-B=0,
0B

1
- _VxE —i=E B.
BN X 1, O_J + v X

The following may be useful:
Ax(BxC)=(A-C)B-(A-B)C

VA =V(V-A) =V x (V x A),
V(A%) = 2(A-V)A +2A x (V x A),

l—a®)t=1-2+2* -2+ .., 7 < 1.
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Derive the induction equation stating clearly the assumptions in-
volved and the equations used. Define the magnetic Reynolds number
(R,,) and describe briefly the behaviour of the magnetic field when
(i) Ry > 1 and (i) R, < 1. 5]
The following equations are used:

B 1
a—:—V><E, E+vxB=-j, i=V xB/u, V- -B=0.
ot o

0B

72 E

5 V x E,

1
= —Vx(—j—va),
g

— VU (i(VXB))—i—VX(VXB),

Assume n = 1/(ou) is constant. So

0B
ot

but V- B =0, hence

= Vx (vxB)—-nV(V-B)+1,V’B,

B
9B _ V x (v x B) +1V?B,
ot
Magnetic Reynolds number, R,,,

. V x (V X B) . U[)B()L(z) o ’U()L()
~ aV*B LBy ]

Ry,

If R,, > 1, then magnetic field is ‘frozen-in’ to the plasma, i.e., plasma
and field move together.
If R,, < 1, then magnetic field diffuses through plasma.

Consider a horizontal magnetic field of the form B = (B(y, t),0,0) and
an imposed velocity of the form

v=(x dz(yy) ,—v(y),0).

Show that the induction equation reduces to

0B 0 9°B
ot oy



vxB = (0,0,v(y)B)

Vx(vxB) = (8(08(3)3,0,0)
0 9, 0 0B(y,t)
2 o Y . _ — )
V'B = (axz + ayg + 822)(B<y7t)7070) ( 8y2 7070)
OB  0B(y,t)

= induction equation becomes

9B(y,t)  9(v(y)B) N 0B(y,t)

ot y gy

Write down the ideal form of the induction equation obtained in (b).
The, using the method of separation of variables, find B(y,t) subject to
the initial condition

By
Bo0)=1"p

where By is a constant, given that v(y) = y. Verify that the solution is
B()Gt
B(y,t) = ———.

Ideal induction equation:

0B(y,t) _ 3(@(@/)3)’ and v(y) = y.

ot oy
% 0B(y.,t) OB
Y,
-2 1B
o Yoy T
Using separation of variables, write B(y,t) =Y (y)T(t) so
dT dy
< S rayr
a Y "
= 1dT_de+1_ = tant
Ta Yy = a = constan
therefore,
dT
[ [ s moae
and

Y
/d7 = /(a — 1)ydy, = Y = Oyt

[See over



So
B(y,t) = ZAaeo‘tyo‘_l.
Applying initial condition and expanding:

By
1—y?

B(y,0)=> A" =

L L R
|

1
3:

= 5H: A5y4 = Bgy4 = A5 = BQ,
7

Therefore, a« =2n+1,n=0,1,2, ...

So
B(y,0) = By Z(—l)ny(QnH)_l = Bo Z(—l)ny%,
n=0 n=0
and
B(y,t) =By » (—1)"e® i = Boel Y " (—1)"(e'y)™.
n=0 n=0
Therefore
Boet
By,t) = ———.
(y7 ) 1+ (yet)Q

Sketch the curves of B versus y at times ¢t =0 and t = 1.
Att =0, B(y,0) = Bo/(1+y?),
So aty =0, B(0,0) = By and as y = £oo, B(£o00,0) — 0.

Att=1, B(y,1) = Boe/(1 + (ey)*),
So aty =0, B(0,0) = Boe and as y = 00, B(+o0,1) — 0.

The curves cross when B(y,1) = B(y,0),

Boe . B()
L+ (ey)? 1+

N 2

So when y = e~ /2,

= Bo(1 =y +o* — %+ ...).

= (e —e)y2:e(e—1)y2:e—1,



(a)

Given that a plasma of uniform temperature (7}) is in equilibrium
under a balance between a pressure gradient and gravity in a vertical
magnetic field, find its pressure p(z) as a function of height (z) in terms
of the pressure py at the base (z = 0); identify the scale height A.  [5]

Gas law: p(z) = 2p(2)RTo.
Equation of motion: Vp(z) = p(2)g.

g=-9z, p(0)=po

So
dp _ g

1z T ToRTy

1 g
/13dp__/2RTodz

g
= 1 =— log C'
&P QRTOZjL 08
= p = Ce 97/@RTo)

when z=0, p(0)=C = po.
SO p= poe—gz/(Q'RTo) — poefz/A, where A = 2RT0/9~

Assuming that pressure scale height is large (A > L), where L is the
typical length scale in the system, reduce the equation of motion to

jxB =0,

stating clearly the conditions under which this can occur in terms of the
Alfvén speed v4, the plasma beta, § and a typical velocity, v = L/,
where 7 is a typical timescale in the system. 4]

[See over



Equation of motion assuming A > L, i.e., with g neglected :

) 1
P 4 p(v-V)v=-Vp+-(VxB)xB
ot 1
2 2
v % __p 15
PoT‘l'PoL— L+/LL'

o @ 6 @
Compare (3) and (4):

1 B?
%<<ﬁf i %«1 = 82«1

So can neglect pressure gradient in favour of Lorentz force if B < 1.
Compare (1) or (2) and (4):
Vo 1 32 . 2 .B2
po— K —— if vy L — = vy K V4.
T plL 4Po

So can neglect derivatives of v in favour of Lorentz force if vg < v4.

(c) Show that the Lorentz force can be written as

jxB=(B-V)B-V(B%2).

2]
From j = (V x B)/u, and identity given on front page,
jxB = l(V><B)><B
L
= —L(;V(B) - (B-V)B)
= G
= (B-V)B-V(B%/2)
(d) Consider the magnetic field B = (x—by, bx—y, 0). For what value of the

constant b are the magnetic pressure and tension forces in balance? [2]
Magnetic pressure and tension forces balance if j x B = 0.

1
B = (z — by, bx — y,0), and j:;(0,0,2b).

2b
jxB=—(=bzx+y,x—by,0) =0 Vz,y, when
1

2b(—=bxr+y)=0 and 2b(x—by)=0 = ©b=0.
Sojx B =0 whenb=0.



(e)

Sketch the field lines for the magnetic field in part (d) if (i) b = 0 and

(i) b = 1. [6]
(i))b=0, = B=(z,—y,0).
Fieldlines:

% = —/% = logr=—-logy+logC = zy=C.
If C =0, then x =0 and y = 0 are field lines.

If C #0, then as x — o0, y — C/x — 0.

If C #0, then as x — 0, y — C'/x — 0.

Spacing: B = \/x? + y?, therefore as x or y get large the field lines are
closer together.

Arrows: B = (x,—y,0).

If v = 0 then B, = —y so arrows on y-awis are directed in towards the
origin. If y =0 then B, = x so arrows on x-axis are directed away from
the origin.

N

(i))b=1, = B=(r—y,z—y,0).
Fieldlines:

/dx:/dy = z=y+C = z—y=C.

If C'=0, then x = y.

C # 0 gives lines parallel to x = y.

Spacing: B = \/2|x — y|. Therefore when x = 0, B = /2y and so as
y increases so does B and the lines get closer together. Similarly, when
y=0, B= V2x and so as x increases so does B.

Arrows: B = (x —y,x —y,0).

When x = 0 then B, = B, = —y so arrows when y > 0 are directed
downwards and when y < 0 are directed upwards.

[See over



(a) Consider a uniform plasma with
P = Do, P = Po and B = <0707 BO)u

where pg, po and By are all constants. Given that there are no pressure
or density variations and gravity is absent, linearised about the uniform

state and, hence, obtain the linear, ideal, MHD equations. [4]
Variables:

p = po, pP1=0

p = po, p1=0

B = BO + B1<I',t),

v = vy(r,t).

Linearised ideal, MHD FEquations in absence of gravity:

p()V'Vl = 0, = V- -vy =0,

(9v1 1

— = —(V xBy) x By,
Po ot /~b( 1) 0

0B,

— = Vx (v xBy),

ot (v1xBo)
V-B; = 0.

(b) Assuming that the perturbations in velocity and magnetic field are
proportional to exp(ik - r — iwt) use the equations obtained in (a) to
derive the dispersion relation for Alfvén waves. 6]
Differentiate equation of motion with respect to t:

82V1

1 0B
o :;(Vx—l)xBo.

ot? ot



Use ideal induction equation to replace 0B /0t,

O*v 1
Po 81521 = ;(V x (V x (v1 x By))) x By.

vi = C,exp(ik - r — iwt) and B, = Cpexp(ik - r —iwt).
So

i —iw, and 92 —w".
V- =ik, and Vx =ik x .

Fourier decomposing equation:

(tk x (ik x (v1 x By))) x By.

2
—pPow Vi =

p0w2V1 = (k X (k X (Vl X Bo))) X Bo.

Tl TR

Building up right-hand side:
k x (vi x Bg) = (k- Bg)vy — (k- v1)Bg = (k- Bg)vy,
since V-vi =k-vy =0.
k x (k x (vi x Bg)) = (k- Bg)(k x vy).

[k x (kx (vi xBg))] xBy = (k-Bg)[(k x vi) x B
= (k . B())[(BO . k)Vl — (Bo . V1>k]

= (k . Bo) Vi,
since vy - Bg = 0 from equation of motion.
Hence,
k- Bg)?
pow*vi = (k-Bo)*vi/pu, = w’= %. (1)
0

Define, va = BZ/\/mpo, and use Bg = Boz and k = (ky, ky, k.), so
dispersion relation for Alfven waves is

W = :i:’UA(k : i) = :l:UAk‘Z.

What are the main characteristics of Alfvén waves? Sketch their phase
speed on a polar diagram. 5]
Main characteristics of Alfven waves:

— alfven waves are anisotropic because of k - By term.

-vy 1L By and vy L k therefore they are transverse waves

— no disturbances in pressure or density so V - vy =0, so waves incom-
pressible.
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k-2 = kcosf, so phase speed, cpp = w/k = v4 cos 0.
when 0 =0, cpr, = Va4,

when 0 = 70/4, cpn = va/V?2,
when 0 = 7/2, ¢y, = 0.

Polar diagram: circle centre (0 = 0,v4/2) and radius va/2.




