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Attempt ALL questions

The following MHD Equations, written using the usual notation, may be quoted and
used where required
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The following may be useful:
Ax(BxC)=(A-C)B- (A -B)C,

VEA=V(V-A)-Vx(VxA),
V(A-A)=2(A-V)A +2A x (V x A),
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(a) Derive the induction equation stating clearly the assumptions involved and
the equations used. Define the magnetic Reynolds number (R,,) and describe
briefly the behaviour of the magnetic field when (i) R, > 1 and (ii) R,, < 1. [6]

(b) Consider a horizontal magnetic field of the form B = (B(y, t),0,0) and an
imposed velocity of the form

v = (xdz(yy),—v(y),0> .

Show that the induction equation reduces to
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(c) Write down the ideal form of the induction equation obtained in (b) suppos-
ing that v(y) = y. Then, using the method of separation of variables or otherwise,
find B(y,t) subject to the initial condition

By
B(y,0) = ——
(y’ ) 1 + y2 I
where By is a constant. Verify that the solution is
Boet
B(y,t) = ——. 6
(y’ ) 14+ (yet)z [ ]
(d) Sketch the curves of B versus y at times t = 0 and ¢ = 1. 2]

(a) Given that a plasma of uniform temperature (7}) is in equilibrium under a
balance between a pressure gradient and gravity in a vertical magnetic field, find
its pressure p(z) as a function of height (z) in terms of the pressure py at the base
(z = 0); identify the pressure scale height A. 5]

(b) Assuming that the scale height is large (A > L), where L is the typical
length scale in the system, reduce the equation of motion to
jxB=0,
stating clearly the conditions under which this can occur in terms of the Alfvén
speed vy, the plasma beta 3, and a typical velocity vg = L/T, where T is a typical
timescale in the system. 4]

(c) Show that the Lorentz force can be written as
jxB=(B-V)B/u—V(B*/2u). 2]

(d) Consider the magnetic field B = (z — by, bx — y,0). For what value of the
constant b are the magnetic pressure and tension forces in balance? 2]

(e) Sketch the field lines for the magnetic field in part (d) if (i) b = 0 and (ii)
b=1. [6]



(a) Consider a uniform plasma with
P = Do, p=po and B =(0,0,B),

where pg, po and By are all constants. Given that there are no pressure or density
variations and gravity is absent, linearise about the uniform state and, hence,
obtain the linear, ideal, MHD equations. [4]

(b) Assuming that the perturbations in velocity and magnetic field are propor-
tional to exp(ik-r—iwt), use the equations obtained in (a) to derive the dispersion
relation for Alfvén waves. 6]

(c) What are the main characteristics of Alfvén waves? Sketch their phase speed
on a polar diagram. [5]




